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Abstract. We develop a duality theory for admissible smooth representa-
tions of p-adic Lie groups on vector spaces over fields of characteristic p. To
this end we introduce certain higher smooth duality functors and relate our
construction to the Auslander duality of completed group rings. We study
the behavior of smooth duality under tensor products, inflation and induc-
tion, and discuss the dimension theory of smooth mod-p representations of
a p-adic reductive group. Finally, we compute the higher smooth duals of
the irreducible smooth representations of GL2(Q,) in characteristic p and
relate our results to the contragredient operation of Colmez.
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0 Introduction

Let GG denote a locally profinite topological group, let E denote a field, and
let Rep% (G) denote the category of E-linear smooth G-representations. The
arithmetic interest in the category Rep% (G) comes from the fact that if G
is the group of rational points of a connected reductive group over a local
field and if E is the field of complex numbers then the set of isomorphism
classes of the irreducible objects of Rep% (G) forms one side of the classical
local Langlands correspondence.

Given an object V of Rep¥ (G), the smooth dual S°(V) of V is the subspace
of smooth vectors in the E-linear dual V = Homg(V, E) of V endowed
with the contragredient action of G. Over coeflicient fields of characteristic
zero the functor SY restricts to an autoduality of the category Rep® (G)®
of admissible smooth FE-linear G-representations and is an elementary, yet



fundamental tool in representation theory.

In view of the recent p-adic and mod-p variants of the local Langlands pro-
gram there is a growing interest in smooth representations in natural char-
acteristic. This means that F has positive characteristic p and that G is
locally a pro-p group. If G is a p-adic Lie group it turns out that the func-
tor S¥ is rather useless (cf. Corollary 3.9 and Remark 3.10). The aim of
the present article is to overcome these deficiencies and to develop a useful
duality theory for admissible smooth representations of p-adic Lie groups in
natural characteristic.

In section 1 we study the case of a general locally profinite topological
group G and an arbitrary field E. The Pontryagin duality functor (V) =
Hompg(-, E) sets up an anti-equivalence between the categories of discrete
and pseudocompact FE-vector spaces, respectively. Endowing a smooth FE-
linear G-representation with the discrete topology, the pseudocompact E-
vector space V turns out to be a module over a ring A(G) generalizing the
completed group ring for compact groups (cf. Theorem 1.5).

Borrowing terminology from [30], §3, we define the notion of a coadmissible
A(G)-module and show that the category Cg of coadmissible A(G)-modules
is anti-equivalent to the category Rep% (G)® of admissible smooth E-linear
G-representations via Pontryagin duality (cf. Corollary 1.8). If G is a p-adic
Lie group and if E has characteristic p then an abstract A(G)-module is
coadmissible if and only if its underlying A(Gg)-module is finitely generated
for any compact open subgroup Gy of G (cf. Proposition 1.9).

In section 2 we let p be a prime number different from the characteristic of £
and assume that G is locally a pro-p group. In this situation the functor S°
restricts to an exact autoduality of the category Rep% (G)®. Following ideas
of Schneider and Teitelbaum from [31], §1, we explain how to describe the
endofunctor of the category Cg induced by S° via Pontryagin duality. Up
to twisting by the modulus character of G it is given by Homy g (-, A(G))
where A(G) is the (A(G), A(G))-bimodule C°(G, E) dual to the space of
compactly supported locally constant FE-valued functions on G.

From section 3 on we assume that p is a prime number, that G is a finite
dimensional Lie group of dimension d = dim(G) over the field Q, of p-
adic numbers and that the characteristic of the field F is equal to p. The
previous results suggest to study the functors E* = E}, = Extj\(G)(-, A(Q))
on the category Mody (g of left A(G)-modules. By fundamental results of
Lazard and Venjakob the group G admits a compact open subgroup whose
completed group ring over E is Auslander regular of global dimension d (cf.



[37], Theorem 3.30 (ii), as well as Theorem 3.1 below). Using a general
duality theorem of Bjork and closely following the strategy set forth by
Schneider and Teitelbaum in [31] we define the grade j(M) of a coadmissible
A(G)-module M and use it to define a descending filtration

Ca=CD...0CLoCcEt =0

of Cg by Serre subcategories such that the functor E¢ induces an autodual-
ity of the abelian quotient category C%/Ce* for 0 < i < d (cf. Theorem 3.5).
If V is an object of RepX(G)® we call d(V) = d — j(V) the dimension of
V' and introduce standard terminology such as purity, holonomicity and the
property of being Cohen-Macaulay (cf. Definition 3.6). For Cohen-Macaulay
objects the grade is related to the projective dimension over completed group
rings (cf. Remark 3.7). Further, an object is holonomic if and only if its un-
derlying E-vector space is finite dimensional (cf. Proposition 3.8).

The bimodule A(G) has the formal properties of a dualizing module in the
sense that E'(E) = 0 for i # d and that E%(E) = x¢ is given by an E-
valued smooth character xg of the group G. If ¢ > 0 we define the i-th
smooth duality functor S* : Rep% (G) — Rep% (G) by

SU (V) = S(V) = lim Exty (B, V),
N

were N runs through the open subgroups of G. Following ideas of Venjakob
from [37], §5, we prove that for 0 < i < d the diagram of functors

00 ©)
Repf (G) —— Mod, )
XG®ESdii iEl

00 ¢)
RepE (G) —_— MOdA(G)

commutes up to natural isomorphism. Thus, the §-functor (S%);>0 gives
rise to a d-step duality on the category Rep% (G)* of admissible smooth E-
linear G-representations (cf. Theorem 3.14 and Corollary 3.15). Moreover,
an object V € Rep% (G)? is Cohen-Macaulay if and only if its higher smooth
duals vanish in all degrees different from d(V') (cf. Corollary 3.16). Further,
our construction turns out to be compatible with Venjakob’s approach using
local cohomology groups (cf. Remark 3.11 (ii) and Remark 3.17).

In section 4 we study the behavior of the smooth duality functors under
the change of the group G. We first show that they commute with infla-
tion (cf. Theorem 4.1) and that on admissible representations the inflation
functor preserves dimensions and the properties of being holonomic, pure



and Cohen-Macaulay (cf. Corollary 4.2). For direct products of p-adic Lie
groups and tensor products of admissible representations the higher smooth
duals obey a formula of Kiinneth type (cf. Theorem 4.3). Therefore, the
tensor product behaves additively with respect to dimensions and preserves
the properties of being holonomic, pure and Cohen-Macaulay (cf. Corollary
4.4). Finally, if H is a closed subgroup of G such that G = GoH for some
compact open subgroup Gg of G then we describe how the smooth duality
functors behave with respect to induction from H to G (cf. Theorem 4.7).
As a consequence, we obtain that the induction functor preserves the grade
and the properties of being pure and Cohen-Macaulay (cf. Corollary 4.8).
We also show that there are natural restriction functors in the setting of
smooth duality.

If G is the group of rational points of a connected reductive group G over
Qp then we use the previous results and classification techniques of Abe,
Henniart, Herzig and Vignéras to give dimension bounds for the irreducible
non-supercuspidal representations of G (cf. Theorem 4.9). It is a major open
question of the theory if there are similar bounds for the supercuspidal rep-
resentations of G as suggested by the examples in section 5 (cf. Remark 4.10).

In section 5 we explicitly compute the higher smooth duals in a number of
examples. These include the irreducible smooth FE-linear representations of
GL2(Qp), as classified by Barthel, Livné and Breuil (cf. [3] and [10]).

In Theorem 5.1 we start by giving an explicit description of the duality
character xg of a p-adic Lie group relying on results of Schneider and Teit-
elbaum from [31]. As a consequence, if G is open in the group of rational
points of a connected reductive group then yg is trivial (cf. Corollary 5.2).
For the group of rational points of a Borel subgroup the duality character
can be computed according to the formula in Corollary 5.3.

In Proposition 5.4 we treat the principal series representations of a p-adic re-
ductive group. They are Cohen-Macaulay and their unique non-zero higher
smooth dual is a principal series representation again. A first result con-
cerning the so-called special representations is contained in Proposition 5.5.
However, we are currently not able to compute their higher smooth duals in
general. Instead, we only treat the example of the Steinberg representation
over E when G = GL2(Q,) and when G = GL3(Q),) (cf. Proposition 5.6 and
Proposition 5.7). These two examples show that irreducible representations
need not be Cohen-Macaulay and that even on Cohen-Macaulay objects the
smooth duality functors do not preserve irreducibility (cf. Remark 5.8 for a
comparison with the case of characteristic zero).

Finally, we show that the supersingular representations of GL2(Q,) over
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E are Cohen-Macaulay of dimension one and that their first smooth dual
is supersingular again (cf. Theorem 5.13). As a consequence of the clas-
sification results of Breuil, Barthel and Livné we thus obtain that every
infinite dimensional irreducible smooth representation of GL2(Q)) over E
is Cohen-Macaulay of dimension one. Further, in contrast to characteristic
zero the supercuspidal representations of GL2(Q)) in characteristic p are not
injective, as was already observed by Paskunas (cf. Remark 5.14). Finally,
our explicit computations show that on the infinite dimensional irreducible
smooth representations of GL2(Q,) over E the first smooth duality functor
S(l}Lg(Qp) coincides with the contragredient operation constructed by Colmez

in his work on the p-adic local Langlands correspondence (cf. Remark 5.15).

Acknowledgments. Part of this work was done while the author was a Heisen-
berg fellow of the German Research Foundation (Deutsche Forschungsge-
meinschaft). The support of the DFG is gratefully acknowledged. The
author would also like to thank Julien Hauseux and two anonymous referees
for many valuable comments and corrections.

Conventions and notation. Let G denote a locally profinite topological
group, and let E denote a field. We denote by Rep% (G) the category of
smooth FE-linear representations of G, i.e. of E-vector spaces with an F-
linear G-action such that the stabilizer of any vector is open in G.

If p is a prime number then by a p-adic Lie group we mean a finite dimen-
sional Lie group over the field Q, of p-adic numbers.

If R is a ring then we denote by Modpg the category of left R-modules.

1 Pontryagin duality

The results from Pontryagin duality that we shall need are essentially con-
tained in [17], §2. Certain statements need to be generalized to non-compact
groups, however, so that we will give a brief summary.

Endowing the field E with the discrete topology, it is a pseudocompact ring
in the sense of [19], IV.3. We say that an E-vector space is discrete if it is
endowed with the discrete topology. A topological E-vector space is called
pseudocompact if it is the topological projective limit of finite dimensional
discrete E-vector spaces.

The category of pseudocompact E-vector spaces (with morphisms all con-
tinuous E-linear maps) is abelian (cf. [19], Théoreme IV.3.3). In particular,
every continuous F-linear map between pseudocompact E-vector spaces has
a closed image and every continuous E-linear bijection between pseudocom-
pact E-vector spaces is a topological isomorphism.



If V is a discrete E-vector space and if (V;);er is the family of its finite
dimensional subspaces then we let V = Hompg(V, E) = lim, _ Hom e(Vi,E)
be its E-linear dual, viewed as a pseudocompact E-vector space. Conversely,
if M is a pseudocompact E-vector space we let M := Hom%™ (M, E) be the
space of all continuous FE-linear forms on M, endowed with the discrete
topology. The following theorem is then immediate.

Theorem 1.1. The functors (V) are mutually quasi-inverse equivalences be-
tween the categories of discrete and pseudocompact E-vector spaces. O

If G is compact then we denote by

A(G) = E[G] = lim E[G/N]
NG
the completed group ring or Iwasawa algebra of G over E. Here N runs
through the family of all normal open subgroups of G and E[G/N] denotes
the group ring of G/N over E. In this case A(G) is naturally a pseudocom-

pact F-algebra.

If G is an arbitrary locally profinite group and if Gy is a fixed compact open
subgroup of G then the (E[G], A(Go))-bimodule E[G] ®g(q, A(Go) admits
a unique F-algebra structure making the maps

(6+8@1) : E[G] - E[G] ®picy A(Go) and
((5/ = 1Q® (5/) : A(Go) — E[G] ®E[Go] A(Go)

homomorphisms of E-algebras. To see this note that @y cq/q, AGo) —
E[G] ®@gia, MGo), (0g)gec/ay deG/Go gdg, is an isomorphism of right
A(Gp)-modules. This implies that if N is an open normal subgroup of Gy
then the natural map pgo : E[G] @pn) AN) — E[G] @g(a, AMGo) is an
isomorphism of (E[G], A(N))-bimodules.

In order to construct the desired ring structure on E[G]| ®g(q, A(Go) it
suffices to see that the right action of Gg extends to an action of G by
automorphisms of left E[G]-modules. Since

(5 ® & 59 ® g_lég) : E[G] ®E[Go} A(Go) — E[G] ®E[9’1Gog] A(g_lGog)

is an isomorphisms of left F[G]-modules we may let
Gong~1G Gong ™' Gogy— -
(6@0)-g=[pc" “o(p)g, ) Mg @ g ).

The uniqueness assertion implies that up to isomorphism the F-algebra
structure on E[G] ® g, A(Go) does not depend on the choice of Gp. In
particular, it coincides with the one considered previously if G is compact.
We will therefore write A(G) for the E-algebra E[G] ® g, A(Go).

6



Remark 1.2. Let p be a prime number. If F is a complete valued field
extension of Q, and if G is a p-adic Lie group then A(G) can be constructed
as a quotient of the F-algebra D(G, E) of locally analytic E-valued distribu-
tions on G (cf. [30], §6, and [31], §1, where A(G) is denoted by D*(G, E)).
It is the E-algebra of locally constant E-valued distributions on G.

We denote by Modﬁcc the category of pseudocompact FE-vector spaces M
carrying an FE-linear action of G for which the structure map G x M — M
is jointly continuous, i.e. continuous for the product topology on the left.

The map (g — g !) : G — G extends to a canonical antiautomorphism
A(G) — A(G) of E-algebras. In principle, this enables us to identify the
categories of left and right A(G)-modules which we will often do. However,
it will sometimes be necessary to distinguish between left and right A(G)-
modules. By abuse of terminology, given a pseudocompact E-vector space
with a jointly continuous action of G from the right, we will speak of a right
object of ModR‘EG).

For the following assertions see [16], Lemma 3.1.1, and [17], Lemma 2.2.7.

Lemma 1.3. Let M be a pseudocompact E-vector space carrying an action
of G by continuous E-linear automorphisms. The following assertions are
equivalent.

(i) The structure map G x M — M of the G-action is jointly continuous.

(ii) For any open subgroup H of G the structure map H x M — M of the
H-action s jointly continuous.

(11i) If Gy is a compact open subgroup of G then the E[Go|-module structure
of M extends to a A(Go)-module structure for which the map A(Gp) x
M — M is jointly continuous and such that M admits a basis of
neighborhoods of 0 consisting of A(Gyp)-submodules. O

By Lemma 1.3 and by the construction of the F-algebra A(G) we obtain the
following assertion. A posteriori it justifies our notation MOdR(EG)'

Corollary 1.4. If M is an object of ModRC(G) then the E[G]-module struc-
ture of M wuniquely extends to a A(G)-module structure. Any morphism in
Modi‘iG) is A(G)-linear. If G is compact then Modf\?G) is the category of
pseudocompact A(G)-modules in the sense of [11], page 443. O

In particular, if Gg is a compact open subgroup of G and if M and N are

right and left objects of ModR‘EG), respectively, then we can consider the

complete tensor product M®A(GO)N of M and N over A(Gy) (cf. [11], page
446). Recall that by [11], Lemma 2.1,

M®&xGo)() and ()& N
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are additive, covariant and right exact functors from the category ModRC(G)

to the category of pseudocompact E-vector spaces. If G = {1} is the triv-
ial group then A(G) = A(Gp) = E and the complete tensor product is exact.

As in [16], Lemma 2.2.7, Theorem 1.1 and Lemma 1.3 imply the following
result.

Theorem 1.5. The functors (V) restrict to quasi-inverse equivalences of
categories between Rep% (G) and ModR(EG).

Proof. Let V be an object of Rep% (G). By functoriality, G acts on V by
continuous F-linear automorphisms. Let Gy be a compact open subgroup of
G. If V; is any finite dimensional subspace of V' then there is an open normal
subgroup N of Gy which acts trivially on V;. Thus, V; becomes a A(Gy)-
module via A(Gy) — E[Go/N]. The resulting structure map A(Go)xV; — V;
is jointly continuous. Passing to the projective limit, we see that the F[Gy]-

structure of V 2 h&nZ V; extends to a jointly continuous A(Gjp)-structure.
C

Therefore, Lemma 1.3 implies that V is an object of ModR(G).

Conversely, if M = @Z M/M; is an object of ModRC(G) then Lemma 1.3
allows us to assume that all M; are Gg-stable. Together with Gy x M —
M also the maps Go x M/M; — M/M,; are continuous. Since M/M; is
discrete and finite dimensional, the action of Gy is trivial upon restriction
to a sufficiently small open subgroup. Therefore, the action of Gy on M =2
hgl(M/MZ) and hence that of G is smooth. O

Recall that an FE-linear smooth representation V of G is called admissible
if the space V' of N-invariants is finite dimensional for any open subgroup
N of GG.

Dually, we borrow the terminology from [30], §3, and call an abstract A(G)-
module M coadmissible if for any compact open subgroup Gy of G and for
any open normal subgroup N of Gy the E[Go/N]-module E[Go/N] @4 (cy)
M is finitely generated (equivalently, finite dimensional over F) and if the
natural homomorphism

—
N

of A(Gp)-modules is bijective.

Remark 1.6. Let p be a prime number. If G possesses an open pro-p sub-
group Gy and if the characteristic of E is different from p then the E-algebra

L N E[Gy/N] is the inverse limit of noetherian E-algebras with
ﬂat tran51t10n maps. Indeed, the group rings E[G(/N] are finite dimensional



and semisimple. Thus, A(Gy) satisfies the algebraic properties of a Fréchet-
Stein algebra in the sense of [30], §3, where the notion of coadmissibility was
introduced for the first time.

The isomorphism (1) allows us to endow a coadmissible A(G)-module M
with the structure of a pseudocompact E-vector. Using that any continuous
FE-linear bijection between pseudocompact E-vector spaces is a topological
isomorphism one can check that this topology does not depend on the choice
of Gy and that the action of G on M is by continuous E-linear automor-
phisms. It then follows from Lemma 1.3 that a coadmissible A(G)-module

C

M is naturally an object of Modi(G).

If M is an object of ModR‘ZG) and if H is any subgroup of G then we denote
by Mg the largest Hausdorff quotient of M on which H acts trivially. It

is the quotient of M by the closure M (H) of the subspace generated by all
elements of the form hm —m with h € H and m € M.

Lemma 1.7. Let M be an object of ModRC(G). If Gy is a compact open
subgroup of G and if N is a normal open subgroup of Gg then there is a
natural isomorphism E[Go/N] @5cy) M = My of A(Go)-modules. The
pseudocompact A(G)-module M is coadmissible if and only if My is finite
dimensional over E for any open subgroup N of G. Moreover, an abstract
A(G)-module M is coadmissible if and only if the required conditions are
satisfied for at least one compact open subgroup Go of G.

Proof. We denote by Iy the kernel of the homomorphism A(Gy) — E[Go/N].
Since it is open in A(Gp) and since E[Gp] € A(Gy) is dense, the kernel of
the homomorphism E[Go] — E[Go/N] is dense in In. The latter is the
ideal generated by all elements of the form n — 1 with n € N. This implies
In - M C M(N) because of the continuity of the A(Gy)-action on M (cf.
Lemma 1.3). By definition I - M is a dense subspace of M(N).

On the other hand, the A(Gp)-bihomomorphism Iy x M — M sending (6, m)
to 0 - m is jointly continuous. By the universal property of the complete
tensor product it extends to a continuous E-linear map Iny® AGoyM — M
of pseudocompact E-vector spaces. Its image is closed and hence equal to
M(N). Now the right exactness of the complete tensor product, together
with [11], Lemma 2.1 (ii), implies that the sequence

IN®A(GO)M*>MHE[G0/N] ®n(Gy) M —=0

is exact. Therefore, My = E[Go/N] ®@)(qy) M, as claimed (cf. also [11],
Lemma 4.2 (ii)). This also shows M(N) = In - M.




By Theorem 1.5 the E-linear G-representation M is smooth. In particular,
M = lim MN. Tt is straightforward to check that (M) = My. There-

fore, M = M =~ 1£1 N My, proving the first part of the lemma.

As for the final assertion, if (1) is an isomorphism for some compact open
subgroup Gy of G then M is at least an object of ModRC(GO . The first
part of the proof then shows that My is finite dimensional for any open
normal subgroup N of Gg and that the natural map M — 1'mN My is an
isomorphism. However, for this description of the topology it is clear that
G acts by continuous FE-linear automorphisms. Therefore, M is an object

of ModRC(G). By the first part of the lemma, M is coadmissible. O

By Rep% (G)* and Ce we denote the full subcategories of Rep% (G) and
Modic(G) consisting of admissible and coadmissible objects, respectively. As
an immediate consequence of Theorem 1.5, Lemma 1.7 and the above rela-
tion (M) = My one obtains the following result (for a particular situation
see also [30], Theorem 6.6 and its proof).

Corollary 1.8. The functors (V) restrict to quasi-inverse equivalences be-
tween the categories Rep% (G)® and Cq. O

For the situation that we will be interested in most, the notion of coadmis-
sibility has the following alternative characterization.

Proposition 1.9. Let p be a prime number. Assume that G possesses an
open subgroup which is a pro-p group and assume that the characteristic of
FE is equal to p.
(i) An object M € ModR‘EG) is coadmissible if and only if the underlying
A(Gp)-module of M is finitely generated for some and hence for any
compact open subgroup Gy of G.

(ii) If G is a p-adic Lie group then an object M € Mod ) is coadmissible
if and only if the underlying A(Go)-module of M s finitely generated
for some and hence for any compact open subgroup Gy of G. In this
case Cg is a full Serre subcategory of Mod (-

Proof. By Lemma 1.7 the assertions do not depend on Gy. Therefore, we
may assume (g to be an open pro-p subgroup of G. Since F is of characteris-
tic p the ring A(Gy) is then local with maximal ideal I, = ker(A(Gy) — E)
(cf. [27], Proposition 5.2.16 (iii) and its proof).

If M e ModRC(G) is coadmissible then I, M is of finite codimension in M

because M/Ig,M = E ®(q,) M. By the topological Nakayama lemma we
obtain that the underlying A(Gp)-module of M is finitely generated (cf. [11],
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Corollary 1.5).

Conversely, if M € Modi‘zG) is finitely generated over A(Gy) then it is also
finitely generated over A(NV) for any compact open subgroup N of Gy. The
right exactness of the functor (-) ®, () £ implies that My = E @,y M is
finite dimensional for any N. Thus, M is coadmissible by Lemma 1.7.

As we shall recall in Theorem 3.1 below, if G is a p-adic Lie group then
the ring A(Gp) is noetherian. As a consequence, any finitely generated
A(Gp)-module M is finitely presented. Since any A(Gp)-linear map between
finitely generated free A(Gyp)-modules is continuous with closed image, M
is naturally a pseudocompact E-vector space. For this canonical topology
the action of G is by continuous automorphisms so that M is coadmissible
by (i). Further, any A(Gp)-linear map between finitely generated A(Go)-
modules is continuous for the canonical topology. As a consequence, Cq is
a full subcategory of Mod, (g)- O

Remark 1.10. If G possesses an open pro-p subgroup G and if the charac-
teristic of E is zero then the A(Gp)-module V associated with an admissible
smooth FE-linear representation V' of G is not necessarily finitely generated.
Rather, the representations for which this is true are characterized by a
global multiplicity condition (cf. [32], Proposition 2.1 and its proof).

If M is an FE-linear representation of G and if N runs through the set of
open subgroups of GG then we denote by

20(M) = SG(M) :=lim M™ € Rep (G)
N

the G-subrepresentation of M consisting of all smooth vectors, i.e. of vectors
whose stabilizers in G are open. The endofunctor

S0 =82 = %% o (1) : RepF(G) — Rep¥(G)

of the category Rep% (G) is called the 0-th smooth dual.

2 Smooth duality in non-natural characteristic

In this section we assume that p is a prime number, that G admits an open
pro-p subgroup Gy and that the characteristic of £ is different from p. Fol-
lowing ideas of [31], §1, the endofunctor (-) o ¥.° of the category Moda‘zG}
can be described as follows.

Denote by C°(G, E) the E-vector space of all compactly supported locally
constant maps G — FE. It carries commuting smooth F-linear left and right
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G-actions by left and right translation, respectively. According to Theorem
1.5 the pseudocompact E-vector space A(G) = C°(G, E) admits commut-
ing and jointly continuous FE-linear actions of G from the left and from the
right. In particular, Corollary 1.4 implies that A(G) is a (A(G),A(G))-
bimodule.

If f € CX(G,E) is right invariant under an open subgroup N of G then
we set

peo(f) = (Go: N)™P > F(g

geG/N

using that the index (Gg : N) is a power of p and therefore invertible in F.
Apparently, ug,(f) is independent of the chosen subgroup N of Gy and we
obtain an element pug, € A(G) satisfying g - pg, = pa, for all g € G. Thus,
Ua, is a left Haar measure on G and as in [12], Proposition 3.1, or [38], 1.2,
is seen to be unique up to scalars as a G-left invariant element of A(G).

We let 6 : G — E* be the locally constant modulus character of G defined
by pa, - 9 = 0c(9)ua, for all g € G. We have

(gGog_l :GoN gGog_l)

5 pr—

a value which is in fact independent of Gy (cf. [38], 1.2.7). We denote
by A(G) @5 05" the (A(G), A(G))-bimodule whose underlying G-action is
defined by

g6 ®1)g = gég' @ da(g’) ",

i.e. the left action of A(G) is unchanged and the right action of A(G) is
twisted by J,".

As in [31], Lemma 1.4, one shows that the outer square of the diagram

oo 0) c forget
Rep5 (G) —= Modi( o) — = Mody (g
50 Homy () (L A(G)®Ed5")
6] v forget

Repy (G) —(—~ Modic( o) — Mody(g)

is commutative up to natural isomorphism. A priori, the right vertical func-
tor takes values in the category of abstract left A(G)-modules by making use
of the bimodule structure of A(G) ®p 551. A posteriori, Theorem 1.5 shows
that Homy (g (-, A(G) ®F d5") restricts to an endofunctor of the category
Modi(EG). This is the vertical arrow in the middle.
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Under our assumptions on G and E, the category Rep% (G)* of admissi-
ble smooth E-linear G-representations is abelian and the 0-th smooth dual
SY restricts to an exact anti-equivalence of Rep (G)? (cf. [38], Proposition
1.4.18).

It follows from Corollary 1.8 that the functor Homy (-, A(G) ®k 5(_;1) re-
spects coadmissibility and is exact. The latter property was given an al-
gebraic explanation in [31], Proposition 2.4. Namely, the left A(G)-module
A(G) is injective. This statement can be reduced to the selfinjectivity of
the ring A(Gg) which is in fact isomorphic to a direct product of finite di-
mensional simple E-algebras (cf. the proof of [31], Proposition 2.4).

3 Smooth duality in natural characteristic

In this section we will assume that p is a prime number, E is a field of
characteristic p and G is a Lie group of finite dimension d = dim(G) over
the field Q, of p-adic numbers.

The (A(G), A(G))-bimodules C°(G, E) and A(G) = C°(G, E) are defined
as in the previous section. Given an object M € Mod,g) we set

E(M) = Ej3(M) = Exty g (M, A(G)).

Again the right A(G)-action on A(G) gives rise to a right A(G)-action on
E{(M). We will view E*(M) as a left A(G)-module through the canonical
antiautomorphism of A(G) and hence view E* as an endofunctor of the cat-
egory Mody (q)-

The results of the previous section suggest that in order to define a good no-
tion of smooth duality in natural characteristic one has to study the functor
E° = Homy () ( -, A(G)) and its derivatives E*. Their behavior is governed
by the Auslander duality for completed group rings with p-torsion coeffi-
cients. For compact groups this was worked out by Venjakob in [37]. We
shall closely follow ideas of Schneider and Teitelbaum from [31] to extend
these results to the general case.

For the notion of Auslander regularity we refer to [23], II1.2.1. Recall that by
[15], Theorem 8.32, the p-adic Lie group G admits a compact open subgroup
Go which is a uniform pro-p group in the sense of [15], Definition 4.1. The
first assertion of the following theorem is due to Lazard (cf. [25], Chapitre
V, Proposition 2.2.4). In a more general form the second result is due to
Venjakob (cf. [37], Theorem 3.30 (ii) and the remarks following its proof).
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Theorem 3.1. If Gg is a compact open subgroup of G then the ring A(Gy)
is noetherian. If moreover Go is a uniform pro-p group then the ring A(Gp)
is Auslander regular of global dimension d = dim(G) = dim(Gy).

Proof. We may assume that G is a uniform pro-p group. Let I, denote
the maximal ideal of the local ring A(Gy) (cf. [27], Proposition 5.2.16 (iii)
and its proof). The ring A(Gy) is separated and complete for its Ig,-adic
topology and the graded ring associated with the I, -adic filtration of A(Gy)
is isomorphic to a polynomial ring in d variables over E (cf. [15], Theorem
7.24). Tt follows from [23], I1.2.2 Proposition 1, II1.2.2 Theorem 5, 111.2.3
Theorem 5 and I11.2.4 Example 1, that A(Gp) is a noetherian Auslander
regular domain of finite global dimension d. O

If G is compact then the following result can be found in [24], Lemma 2.3.
By following the arguments of [31], Lemma 2.2, it can be proved for any
locally profinite topological group G.

Proposition 3.2. Let Gy be a compact open subgroup of G, and let M be
a A(G)-module. If L =lga, : AG) = [jeq/q, 9A(Go) — A(Go) denotes
the projection onto the component corresponding to the trivial coset gGy =
Go then the map Homy ) (M, A(G)) — Homp ) (M, A(Go)) sending ¢ to
Co p is an isomorphism of A(Go)-modules. In particular, there are natural
isomorphisms

Ext)y ) (M, A(G)) — Ext)y ) (M, A(Go))

of A(Go)-modules for all i > 0. O

Corollary 3.3. For any integer i > 0 the functor E* : Mody gy = Mody(g)
preserves coadmissibility, i.e. it restricts to a functor E* : Cq — Cg.

Proof. Let Gy be a compact open subgroup of G, and let M € Cg. According
to Theorem 3.1 the ring A(Gy) is noetherian. Since M is finitely generated
over A(Gp) (cf. Proposition 1.9 (ii)) this implies that M admits a free reso-
lution P* by finitely generated free A(Gg)-modules P*. By Proposition 3.2
the underlying A(Gg)-module of E*(M) is isomorphic to the i-th cohomol-
ogy group of the complex Homy () (P*®, A(Go)), hence is finitely generated.
By Proposition 1.9 (ii) the A(G)-module E*(M) is coadmissible. O

For any A(G)-module M we denote by
J(M) = j(M) = minfi > 0| E'(M) # 0}

the grade or codimension of M over A(G). If M = 0 then it is infinite
but otherwise is finite (cf. [23], Chapter III, §2, 2.1). If M is non-zero and
coadmissible then Proposition 3.2 and Theorem 3.1 show that j(M) < d =
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dim(G) and that j(M) = jg,(M) is equal to the grade of M over A(Gy) for
any compact open subgroup Gy of G. We call

d(M) = dg(M) = d - j(M)

the dimension of M over A(G).

Let Gg be an open subgroup of G which is a uniform pro-p group. Since the
ring A(Gp) is Auslander regular (cf. Theorem 3.1), any finitely generated
A(Gop)-module M admits a filtration

0=FFYM)C FYM)C...CF'(M)=M

by A(Gyp)-submodules which is characterized by the property that a sub-
module M’ C M satisfies M’ C F{(M) if and only if jg,(M’) > i (cf. [4],
Chapter 2, Theorem 4.15). It is called the dimension filtration of M. If
M # 0 then

(2) JGo(M) = max{i > 0| F'(M) = M}
by [23], III.2.1 Proposition 5.

If N is an open subgroup of Gg then the dimension filtration of M over
A(N) coincides with that over A(Gy). Indeed, denoting these filtrations by
FY(M) and Fg (M), respectively, we have i < jn(Fi(M)) = jg,(Fi (M))
whence Fy (M) C Fg (M) and similarly Fg, (M) C Fy(M). Using this
invariance property of the dimension filtration, the proof of the following
proposition is formally the same as that of [30], Proposition 8.11.

Proposition 3.4. Let M be a coadmissible A(G)-module.

(i) The dimension filtration F'*(M) of M with respect to any open uniform
pro-p subgroup Go of M consists of coadmissible A(G)-submodules of
M which are independent of the choice of Gy.

(i1) If M’ is a A(G)-submodule of M then j(M') > i if and only if M' C
F{(M).

(iii) We have j(M) = max{i > 0| F*(M) = M}.
(iv) All nonzero A(G)-submodules of F*(M)/F**1 (M) have gradei. 0O

Recall that Cg is a Serre subcategory of Mod () and hence is abelian (cf.
Proposition 1.9 (ii)). If 0 - M" — M — M"” — 0 is a short exact sequence
of coadmissible A(G)-modules then

3) J(M) = min{j(M"), j(M")}
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by [23], II1.2.1 Corollary 6. For 0 < i < d + 1 we denote by C, the full
subcategory of Cg consisting of all objects M with j(M) > i. We have
Ca =C2, Céﬂ = 0, and (3) implies that Cé“ is a Serre subcategory of Cf,
for 0 < i < d. Hence we may form the abelian quotient category Cf,/ CEH.

Let i > 0 and consider the functor E : Cq — Cq of Corollary 3.3. Let G be
an open subgroup of G which is a uniform pro-p group. By Proposition 3.2
and the Auslander regularity of A(Gg) the functor E° factors through the
embedding C;, C Cg. Further, if M € Cgrl then E(M) = 0 by definition

of the grade. Therefore, the functor CL = Cq =z, Ct, — CL, /Cgr1 induces a
functor C&,/Cilt — CL/CE! that will again be denoted by E'.

Theorem 3.5. If0 < i < d then the functor E* : Cé/CiGJrl — Cé/Cgrl is an
equivalence of abelian categories which is quasi-inverse to itself.

Proof. If G is a uniform pro-p group then the ring A(G) is Auslander regular
(cf. Theorem 3.1). In this case, the statement in question is a more general
d-step duality theorem for Auslander-Gorenstein rings (cf. [2], Theorem 1.2).

In the general case let M € Cq. Following the arguments of the proof of
[31], Proposition 4.3, consider the isomorphism

R Homy (g (RHomyg) (M, A(G)), A(G))
=~ RHomyg,)(RHomyg,) (M, A(Go)), A(Go))

of complexes of A(Gp)-modules coming from Proposition 3.2. The properties
of A(Gp) then show that the natural map

M — RHOHIA(G) (R HOIHA(G) (M, A(G)), A(G))

is a quasi-isomorphism of complexes of A(G)-modules. One can then argue
as in the proof of [31], Proposition 5.2. In fact, the hypercohomology spec-
tral sequence for the composition R Hom ) (R Homy ) (M, A(G)), A(G))
coincides with the spectral sequence (0-2) in [2] if M is viewed as an object
of Cg,. Therefore, the exact sequence

0——> FéO(M)/Fggl(M) —— B} (ES (M) — Qi (M) —0
[ [
F'(M)/F™1(M) E'(E'(M))

considered in [2], (0-3), is an exact sequence in Cg. This can also be proved
directly using the naturality of the spectral sequence and using the G-
stability of the dimension filtration (cf. Proposition 3.4). Since j(N) =
Jco(N) for any N € Cg, the arguments in the proof of [2], Theorem 1.2,
show that M = F{(M) — F'(M)/F"Y(M) — E*(E*(M)) induces an iso-

morphism M = E*(E*(M)) in CL/C5 " for any M € CL,. O
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If V is an object of Rep%(G) then V € Mody () and we call

j(V)=3(V) and d(V)=d(V)

the grade and the dimension of V', respectively. For 0 < i < d+ 1 we denote
by Rep% (G)¢ the full subcategory of Rep% (G)? consisting of all objects V'
with j(V') > 4. This gives rise to a descending filtration

Rep (G)* = Rep (G)g 2 Rep (G) 2 - 2 RepF (G) g1 =0
of the category Rep%(G)® by Serre subcategories such that (-) restricts to
an equivalence Rep% (G)¢ 2 C, (cf. Corollary 1.8).

(2

Definition 3.6. Let M € Cg and V' € RepZ (G)*.

(i) We call M holonomic (resp. pure, resp. Cohen-Macaulay) if (M) > d
(vesp. if FIMHTL(M) =0, resp. if E{(M) = 0 for i # j(M)).

(ii) We call V' holonomic (resp. pure, resp. Cohen-Macaulay) if the object
V € Cg is holonomic (resp. pure, resp. Cohen-Macaulay).

Remark 3.7. By definition any holonomic object is Cohen-Macaulay, and
by [37], Proposition 3.5 (v) and Proposition 3.9, any Cohen-Macaulay object
is pure. Further, since j(M) = jg,(M) for any compact open subgroup Go
of G, a non-zero coadmissible A(G)-module M is Cohen-Macaulay if and
only if its grade is equal to its projective dimension over A(G).

Proposition 3.8. An object of Ci or Repy (G)* is holonomic if and only
if its underlying E-vector space is finite dimensional.

Proof. Let M € Cg be holonomic, and let Gy be an open subgroup of G
which is a uniform pro-p group. Since j(M) = jg,(M) the underlying
A(Gp)-module is holonomic, as well, hence is of finite length over A(Gp) (cf.
Theorem 3.1 and [2], Corollary 1.3, or [23], II1.4.2 Theorem 3 (2)). Since
A(Gy) is a local ring with residue field E, the only simple A(Gg)-module is
E with the trivial action of Gy. Thus, dimg(M) < oo.

Conversely, if M € Cg is of finite dimension over E then it is of finite length
over A(Go). Thus, it is a finite successive extension of the trivial A(Gp)-
module E. Using (3) it suffices to show that E is holonomic over A(Gy).
This in turn follows from Lazard’s result that G is a Poincaré duality group
at p (cf. [35], Theorem 5.1.5). This statement can be formulated as

; ~J 0, 0<i<d
(4) Hcont(GO’Zp[[Go]]) - { Zpa i =d.

Note that there are isomorphisms H?_ . (Go, Z,[Go]) = Extizp [Gol (Zy, Zp[Go])
for all i« > 0 by [25], Chapitre V, Théoreme 3.2.7. Instead of deriving the
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analogous statement over the field E from (4) we simply refer to [23], II11.2.5
Theorem 2, stating that jg,(F) is equal to the grade of the gr(A(Go))-
module E where gr(A(Gp)) denotes the graded ring associated with the
maximal adic filtration on A(Gp). Since gr(A(Gp)) = E[Xq,...,Xq] is iso-
morphic to a polynomial ring in d variables X1, ..., X4 over E (cf. [15], The-
orem 7.24), we need to see that the E[X1, ..., X4]-module F with X;- F =0
for 1 < i < d is holonomic. This is a well-known result (cf. [7], X.1.4
Corollaire 1) that can also be deduced from a theorem of Roos (cf. [23],
I11.4.1 Theorem 7). Since Exti(GO)(E, A(Gyp)) is an E-linear subquotient of

Extgr(A(Go))(E, gr(A(Go))) (ct. [23], II1.2.2 Proposition 4) we actually obtain

i w0, 0<i<d
) Bxth gy (B AG) = { § =)

The statements involving V follow from the fact that V' is finite dimensional
if and only if V is. O

As a consequence we have the following result. It shows that the 0-th
smooth duality functor does not yield much information about the category
Rep% (G)* in natural characteristic.

Proposition 3.9. If V € Rep¥(G)® then S°(V) = F4V) is finite dimen-
sional over E. In particular, if V is irreducible and not finite dimensional
over E then S°(V) = 0. The largest full subcategory of Rep% (G)® on which
the 0-th smooth dual S° restricts to an anti-equivalence of categories is the
category of finite dimensional smooth representations of G over E. Via
Pontryagin duality it s anti-equivalent to the category Cé.

Proof. Let G be a compact open subgroup of G. If v € S°(V') then A(Gp)-v
is a A(Gp)-submodule of S°(V') which is of finite dimension over E. By

Proposition 3.8 it is holonomic, hence is contained in F¢(V) (cf. Proposition
3.4). This shows S°(V)) C F4(V).

Conversely, F(V) is holonomic, hence is of finite dimension over E by
Proposition 3.8. On the other hand, the A(G)-module F%(V) is coadmissi-
ble, hence is a pseudocompact E-vector space. Alternatively, it is easy to see
that any finite dimensional F-subspace of a pseudocompact E-vector space
is automatically closed and pseudocompact. In particular, this applies to
F4(V) inside V. At any rate, the subspace topology of F(V) induced by
V is discrete, and by Lemma 1.1 the action of Gy on F(V) is smooth. As
a consequence, F4(V) C SO(V).

If V is irreducible then V is a simple A(G)-module (cf. Corollary 1.8 and

Proposition 1.9 (ii)). If V is not finite dimensional then neither is V' and we
must have (V) = 0 because F¢(V) is a holonomic A(G)-submodule of V/
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and hence is finite dimensional over E (cf. Proposition 3.4 and Proposition
3.8). Thus, also S°(V) = 0. O

Remark 3.10. Apparently, S°(V) is always a A(G)-submodule of V, and
the vanishing result of Proposition 3.9 can be proved without referring to
Proposition 3.8. Namely, we have S°(V) = h%m N VN where N runs through
the open normal subgroups of some compact open subgroup Gy of G. Since
the ring A(Gy) is noetherian (cf. Theorem 3.1) and since the A(Gp)-module
V is finitely generated (cf. Proposition 1.9) so is S°(V). Therefore, there
is an open normal subgroup N of G such that S°(V) = V. However,
this implies that S°(V) is finitely generated over E[Go/N], hence is finite
dimensional over E. If V' € Rep% (G)® is irreducible and infinite dimensional
then the A(G)-submodule S°(V') of the simple A(G)-module V must be zero.

We shall now explain how the d-step duality of Theorem 3.5 can be inter-
preted in terms of S° and suitable higher smooth duality functors. In the
case of a compact group G this was shown by Venjakob in [37], §5, using lo-
cal cohomology groups. We shall slightly reformulate his results and extend
them to the case of possibly non-compact groups.

If N; and Ny are open subgroups of G with N7 C Ny then the restriction
of scalars Mody(n,) — Mody(y,) is exact and therefore induces a mor-
phism (Exti\(Nﬂ(E, ))is0 — (Extf\(Nl)(E, -))izo of -functors Mody(n,) —
Mody (), where E carries the trivial action of Ny and Na. Since A(N2) is a
finitely generated free A(N7)-module, the restriction of scalars Modp(n,) —
Mod ;) preserves projective objects and both §-functors can be computed
from a projective resolution of E over A(N3). This will be of importance
later.

If M € Mody (g and if i > 0 we set

S (M) = Sip(M) = ling Extdy () (B, M),
N

where the limit is taken over the directed family of all open subgroups N of
G and takes values in the category of E-vector spaces.

Given an open subgroup N of G and an element g € G, conjugation by
g induces an isomorphism c(g) : A(N) — A(gNg~!) of E-subalgebras of
A(G). Restriction of scalars c(g). : Mod () — Mody(gng-1) along c(g) is
an equivalence of abelian categories. If M € Mody(g) then (m — gm) :
c(g9)+«(M) — M is an isomorphism of A(gNg~!)-modules. Since c(g)«(E) =
E over A(gNg~!) we obtain E-linear isomorphisms

Eth\(N)(Ea M) = EXti\(gNgfl)(C(g)*(E),C(Q)*(M)) = EXtix(gNg—l)(ﬂ M),

19



which are trivial if g € N. Indeed, for i = 0 and g € N this is the restriction
of the map g : M — M to MY — M9Ng™ = N In general, one uses that
Ext) vy (£, M) is the i-th cohomology group of (I *)N where M — I*® is an
injective resolution of M in Mod (.

In this way we obtain a smooth E-linear action of G on X¢(M) and regard
¥ as a functor Mody () — Rep(G). Note that for i = 0 evaluation at
1 € E induces a G-equivariant isomorphism X°(M) = lim M N so that our
notation is consistent with that introduced at the end of section 1.

Remark 3.11. (i) In a different setting the functors X! were considered
by Lazard and called the stable cohomology groups of G (cf. [25],
Chapitre V, Théoreme 2.4.10 and Théoréeme 3.2.7).

(ii) If Gy is an open subgroup of G which is a uniform pro-p group then one
can also consider the i-th local cohomology groups H: (M) of a A(Gy)-
module M in the sense of [37], section 5. It will become clear later
that the A(Gp)-modules X¢(M) and H: (M) are isomorphic whenever
M is coadmissible (cf. Remark 3.17).

(iii) The exactness of the inductive limit functor shows that the family
(X9)i0 is a 0-functor Mod gy — Rep% (G).

Definition 3.12. For i > 0 the functor $* = Si = %o () : Rep¥(G) —
Rep% (G) is called the i-th smooth duality functor.

By Proposition 3.2 and (5) we have

; 0, 0<i<d
: 7 _ ) =
dimy E'(E) = { 1, i=d.
We denote by xg : G — E* the smooth character of G affording the left
A(G)-module structure of E4(E) and call x¢ the duality character of G.
We have xala, = Xa, for any open subgroup Gy of G (cf. Proposition 3.2).
In particular, xq is trivial upon restriction to any open pro-p subgroup of G.

Recall that C2°(G, E') may be seen as a (A(G), A(G))-bimodule through the
smooth actions of G by left and right translation. Twisting the left action
by x¢ and leaving the right action unchanged one obtains a (A(G), A(G))-
bimodule that we denote by xg ®r C(G, E).

For any i > 0 the left A(G)-module X(A(G)) € RepF(G) C Mody g
admits a commuting right A(G)-action induced functorially from the right
A(G)-action on A(G). In this way, we may view 3¢(A(G)) as a (A(G), A(G))-
bimodule, as well. In a different guise, the following results are contained in
[37], Lemma 5.3 and Lemma 5.5.
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Proposition 3.13. The functors X : Mody () — Repg (G) commute with
direct sums and direct limits. As (A(G), A(G))-bimodules we have

. (o0 , iAd
Z(AG) = { xX¢ ®p CX(G,E), i=d.

Proof. If N is a compact open subgroup of G then A(N) is a noetherian ring
(cf. Theorem 3.1). Therefore, E admits a resolution by finitely generated
free A(N)-modules. As a consequence, the functors Ext} ) (E,-) and hence

the functors ¥¢ commute with direct sums and direct limits.

Since the left A(N)-module A(G) = @ye p\gA(N)g is free, we get S(A(G)) =
0 for 7 # d from Proposition 3.8. Further, the isomorphism

Extji\(N)(E,A(G))% @ EXt(/i\(N)(EaA(N))g
geN\G

shows that the right G-representation Ext%( N) (E,A(G)) is isomorphic to

the right G-representation ind]GV(Xv) consisting of all compactly supported
functions f : G — Ext/d\(N)(E,A(N)) satisfying f(ng) = f(g)n~!. An ex-
plicit isomorphism is given by sending f to 3 ¢ nef (9) - g. Tt is checked
directly that the restriction map Ext‘f\(N) (E,A(G)) — Exti(N/)(E,A(G))
corresponds to the natural inclusion ind§(y5') — ind$, (Xx), noting that
XN|n' = xnv whenever N’ is an open subgroup of N. Since xy is triv-

ial for any open pro-p subgroup N of G, passage to the limit shows that
Y4 (A(G)) = CX(G, E) as a right A(G)-module.

It now remains to exhibit the smooth left action of G. In doing so we
identify ¢(A(G)) and C®(G, E) as E-vector spaces. If v € G then left
multiplication by 7 on X¢(A(G)) is induced by left multiplication with -y
on A(G). It maps the subspace Extf{(N)(E,A(N))g bijectively onto the
subspace Eth/i\(erl)(Ea A(yN~y~1))vg. Taking g = 1 and composing with

1

left translation by v~" we obtain an E-linear isomorphism

EA(E) = Ext ) (B, AN)) — Extf v (B, A(yNy ™) = B4 (B)

of E4(E) = Extf,l\(G)(E, A(Q)). It can be written as the composition of two
E-linear automorphisms the first of which is induced by left v-multiplication
on A(G) and by ~-conjugation on G. By the usual argument, it is trivial
(cf. [27], Proposition 1.6.2). The second one is right multiplication by v~ 1,

hence is multiplication with x¢(7).

Overall, we obtain that left multiplication with v on L¢(A(G)) = C°(G, E)
maps the characteristic function of Ng to the characteristic function of
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YNy~ tyg = vNg multiplied by xc(v). This proves the claim concerning
the left G-action on L4(A(G)). O

By X&' ®1 A(G) we denote the (A(G), A(G))-bimodule obtained by twisting
the left A(G)-action by Xél and by leaving the right A(G)-action unchanged.
For the following central result see also [37], Theorem 5.6, whose proof is
formally the same.

Theorem 3.14. For any A(G)-module M and any integer i > 0 there are
natural A(G)-linear isomorphisms

TH(M) = Ext{ 4 (M, xg" @8 A(G)).

Proof. Since (X%);>0 is a §-functor (cf. Remark 3.11 (iii)) with ¢ = 0 for

i > d and since the functor Rep% (G) 0, Modf’\C(G) forgs: Mody g is exact,

the functor (v) oxd . Mody(g) — Mody(q) is right exact. By Proposition

3.13 and the properties of (-) = Homg(-, E) it transforms arbitrary direct
sums into direct products.

Let M € Modpgy- If me M, £ € »4(M)" and if ¢, : A(G) — M denotes
the A(G)-linear map defined by ¢, (A) := A - m then one defines ¢/(§) €
Homy g (M, S4(A(G))) = Homp () (M, xg' ®5A(G)) (cf. Proposition 3.13)

as ((-) o 29 (¢, )(€). In this way one obtains a natural transformation
¢ () o = Homp ) (- xg' @8 A(G))

which is an isomorphism of functors. Indeed, since both functors transform
direct sums into direct products and since py () is obviously bijective, v
is bijective whenever M is free. If M is arbitrary and if £} — Fy - M — 0
is a presentation of M by free A(G)-modules then the right exactness of the
functors imply that ¢, is bijective, as well.

By the universal property of derived functors ¢ extends to a morphism

(1) 0o 24 1) 50 — (Exti\(G)(-, X&' @8 A(G)))i>0 of -functors. To show that

it is an isomorphism it suffices to see that ((-)o X% #);>¢ is coeffaceable. This
follows from Proposition 3.13. O

Corollary 3.15. For any 0 <1 < d the diagram

00 )
RepE (G) E—— MOdA(G)

XG®ESd_Zi iEl
0o )
Rep7 (G) —— Mody )
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is commutative up to natural isomorphism. In particular, the higher smooth
duality functors (S%);>o respect admissibility. Moreover, the functor S~
induces an endofunctor of the category Rep% (G)§/Rep% (G)iy, which is
quasi-inverse to itself.

Proof. For any A(G)-module M there is a natural isomorphism
(6) EX@\(G) (M, xg' @8 A(G)) = E'(x¢ ©5 M)

of left A(G)-modules. Further, one checks that there is a natural isomor-
phism x¢ ®p SY(V) =2 S(xg' ®p V) in Rep¥(G). Theorem 3.14 then
shows that the functors xg ®g S¢¢ and E’ correspond to each other un-
der Pontryagin duality. Since the endofunctor yg ®pg (-) of the category
Rep% (G) preserves admissibility, it follows from Corollary 3.3 that so do
the functors S°. Moreover, twisting by a smooth character does not change
the grade, so that the functors y¢ ®g (-) and xg' @ (-) preserve the cate-
gories Rep (G)¢ and Cf,, respectively. Since (yg ®pS4 ) o (yg®pS41) =
S9=% 6 8§91 Theorem 3.5 implies that S4 ¢ induces an autoduality of the
category Rep% (G)¢/Repg (G)f, ;- O

Corollary 3.16. If V € Rep® (G)? then d(V) = max{i > 0 | SY(V) # 0}.
In particular, V' is holonomic (and hence finite dimensional over E) if and
only if SY (V') = 0 for all i > 0. More generally, V is Cohen-Macaulay if and
only if SY(V) =0 for all i # d(V).

Proof. Since the dimension is stable under twisting by a smooth character,
the assertions follow from Proposition 3.8, Theorem 3.14 and (6). t

Remark 3.17. Let Gy be an open subgroup Gy of G which is a uniform
pro-p group, and let M be a coadmissible A(G)-module. Theorem 3.14,
Proposition 3.2 and [37], Theorem 5.6, show that the underlying A(Gp)-
module of ¥¢(M) is isomorphic to the i-th local cohomology group of the
finitely generated A(Gp)-module M considered in [37], section 5. Thus, our
construction is compatible with the one given by Venjakob.

Remark 3.18. We note that in the theory of admissible locally analytic G-
representations as developed by Schneider and Teitelbaum a natural analog
of the functors S is not known to exist (cf. [31], end of §4).

4 Functoriality

In this section we continue to assume that p is a prime number, that E
is a field of characteristic p and that G is a p-adic Lie group of dimension
d = dim(G). We are going to study the behavior of the Auslander duality
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functors (E%);>¢ and the higher smooth duality functors (S%);>o under in-
flation, induction and tensor products.

Let H be a closed and normal subgroup of GG. Restriction of scalars along
the canonical ring homomorphism A(G) — A(G/H) gives rise to functors
Moda(g/ay — Modp(a)s Mod?&c m Mod?\CG) and Cq/g — Cg which
are called inflation and which Wil( be denoted by inf. Likewise, the group
homomorphism G — G/H gives rises to functors Rep% (G/H) — Rep% (G)
and Rep% (G/H)* — Repy (G)* which are called inflation, as well, and
which will likewise be denoted by inf. Apparently, the diagram

(7) Reps (G/H) —> Mod®®

AG/H)
infi iinf
0o () pe
Rep% (G) Mody

of functors is commutative up to natural isomorphism.

Theorem 4.1. If H is a closed normal subgroup of G and if i > 0 then
there is a natural isomorphism

inf 0S¢, 5 2 S, o inf
of functors Rep% (G/H) — Repy (G).

Proof. By Theorem 1.5 and the commutativity of (7) we may equivalently
construct an isomorphism of functors inf oZiG /H =~ EiG oinf from ModRC(G /H)

to Mod}' ). For the sake of brevity, we will omit the inflation functors from
the notation. The rough idea of our proof is that in the direct limit suitable
Hochschild-Serre spectral sequences degenerate.

Let us first assume that G is compact. Let Q* — F — 0 be a resolution of
E by finitely generated free A(G)-modules, and let P* — E — 0 be a resolu-
tion of E by finitely generated free A(G/H)-modules (cf. Theorem 3.1). Let
further (Gj)r>0 be a basis of neighborhoods of the identity of G consisting
of open normal subgroups. Setting Hy, := H N Gy, the family (Hy)p>o is a
basis of neighborhoods of the identity of H consisting of open subgroups of
H which are normal in G.

Let M € Modic(mH) and write M = yinig M /M; where (M;);cs is a basis
of neighborhoods of zero in M consisting of open A(G/H )-submodules. For

any s > 0 and any £ > 0 there is an E-linear isomorphism

Homf\o{}}l) (Q°, M) = l&n Homf\(’(‘}}é) (Q°, M/M;).
el
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Since any continuous A(H/)-linear map Q® — M /M, factors through a finite
dimensional discrete quotient of Q%, the G-action on Homf{’(r};é)(Qs , M/ M;)
is smooth and gives rise to a module structure over A(G). Therefore,
Homﬁ\o(rge)(Qs , M) is naturally a A(G)-module. We may therefore consider
the double complex

C** = (C™)rs>0 = @%HomA(Gk)(Pr7HOIn?\%TQ)(QS7M))'
k>04£>0

There are two spectral sequences associated with C'*®* which converge to the
cohomology of the associated total complex. The initial terms are

B = BP(HIC™),0) and  (ER)' = HI((HPC™),20),

respectively. Since the resolution ®* — E — 0 consists of finitely generated
A(G)-modules, all its homomorphisms are automatically continuous homo-
morphisms of pseudocompact A(Hy)-modules. Further, the A(Hy)-modules
Q* are projective in MOdI/)\(EHg) (cf. [11], Lemma 4.5). By the usual argu-
ment, the cohomology of the complex Homf\o(l}f[e)(Q', M) can be computed
from any projective resolution of E in Mod?\c( #,)- Since the ring A(Hy) is
noetherian, there is a resolution R®* — E — 0 of E consisting of finitely
generated free A(Hy)-modules. It is automatically a projective resolution of
E in Mod}',; , and we have Homy g,y (R, M) = Homﬁ\o(rl‘r}l)(Rq7 M) for any

A(Hy)
g > 0. Thus, H? Homﬁ\o(r}}g)(Q‘, M) = Ext? (E, M) and therefore

A(Hy)

Hq CT‘,O o~ h%nlhﬂHq HomA(Gk)(PT)Homj\O(r}—t]g)(Q.’M))

>0 k>4
= limlig H? Homy g, /m, ) (P, Hom{{};, \ (Q°, M))
>0 k>4
= h%rnthomA(Gk/Hk)(Pr7EXt?\(H[)(EﬂM))
>0 k>4
= hﬂ hgrl HomA(Gk) (P, EXt?\(Hg) (E, M))
>0 k>0

because for k > ¢ the action of Hy on Hom‘j\o(rge)(Q’,M ) is trivial and be-
cause the A(Gy/Hy)-module P" is projective.

Since the A(Gy)-module P" is finitely generated, the natural homomorphism

(8) %1 Homy (g, (P, Ext?\(HE)(E, M)) — Homy g, (P", 2% (M))
>0

is injective. Moreover, the action of H on M is trivial so that the map

HOI’I]A(HZ)(R.,E) ®EM — HOHlA(HZ)(R.,M)
p@m = (r—e(r)m)
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is a well-defined isomorphism of complexes. Thus, X% (M) = X% (E)®pM is
zero for ¢ > 0 by Theorem 3.14 and (5). As a consequence of the injectivity
of (8) the spectral sequence degenerates. Since Ext?\( (B, M) = M over
A(Gy) independently of ¢ its limit terms are

E}’ = lim H Homyg,)(P*, M)

E>0
- lingHOInA(Gk/Hk)(P.vM) = E%/H(M).
E>0

In order to compute the initial terms (E5?)" of the second spectral sequence
we fix k, £, s > 0 and claim that the functor Homy g, (-, Homf{’(‘}fm(Qs, M))
on the category of finitely generated A(G/H )-modules into the category of
E-vector spaces is exact. To see this we may assume Q° = A(G) to be free
of rank one over A(G).

In this case, the projection A(G) — A(G/H;) induces an isomorphism
Hom$™ (A(G/Hy), M) — Homio(r}_}[)(A(G),M) of A(G)-modules. Writing

M =lim, M /M; as above, there is an isomorphism of functors

Hom (g, (-, Hom$§™ (A(G/ Hy), M) =
lim Hom g (-, Hom$§™ (A(G/ Hy), M/M;)).

2

We endow any of the A(G)-modules Hom %™ (A(G/Hy), M/M;) with the dis-
crete topology and note that the action of G is smooth because any contin-
uous homomorphism factors through a finite dimensional discrete quotient.

If f: P— Hom®%™(A(G/Hy), M/M;) is a homomorphism of abstract A(G)-
modules where P is finitely generated then the image of f is G,,-invariant
for some m > k. As in the proof of Lemma 1.7 let I, be the kernel of the
projection A(Gy) — E[Gk/Gy]. By Theorem 3.1 it is generated by finitely
many elements of the form g — 1 with g € G,,. Hence the open submodule
Ig,, P is contained in the kernel of f. This shows that f is automatically
continuous. By [11], Lemma 2.1 (ii) and Lemma 2.4, there are isomorphisms
Homy g, ) (P, Hom%" (A(G/Hy), M /M;))

= Hom{(, /(G,nm,) (P, HomF" (A(G/H), M/M;))
Hom ™ (P& Gy /(Grnm)) MG/ Hy), M /M;)

= Hom%"(P @ (q, /(Gunty)) MG/ He), M/M;)
of A(G)-modules which are natural in P. Passing to the projective limit
over ¢ we obtain an isomorphism of functors

I

Homy (g, (+, Homf\o(lffe)(A(G), M)) =
Hom$ ™ ((-) ®4 (G, /(Gunty)) MG/ Hg), M)
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from Cg/p to the category of E-vector spaces. Since A(G/Hy) is a free mod-
ule over A(Gy/(Gr N Hy)) our claim will be proved once we can show that
the functor Hom#™ (-, M) on Cg/p is exact. However, M = Hom$$™ (M, E)
is isomorphic in Modp to a direct product of copies of E. Therefore, as
a functor from Cq,p to the category of E-vector spaces, Homcont( , M) is

isomorphic to a direct product of copies of the duality functor ( ).

Thus, also the second spectral sequence degenerates with limit terms

(By?Y = limlim H? Homy g, (B, Hom§(p,, (Q%, M)

£>0 k>0

= lim lim HY Hom{(g, g, (Q%, M)
k>04£>0

= liglExt?\(Gk)(E, M) = SL(M).
k>0

The construction of the above spectral sequence is functorial in M and so is
the resulting isomorphism ¥, (M) = X%, / y(M). If G is no longer assumed

to be compact note that ¥& (M) = XL, o (M) and ZZG/H(M) = Z’GO/HO(M)
as G-representations for any compact open subgroup Gy of G if Hy =
H N Gg. The above functoriality result can then be used to see that the
Go-equivariant isomorphism X, (M) 2 EiGO (M) = ElGo/Ho (M) = E"G/H(M)
is actually G-equivariant. O

Corollary 4.2. Let H be a closed normal subgroup of G and let V' be an
object of Rep% (G/H)*. We have

de(inf(V)) = dg/u (V).

Further, V' is holonomic (resp. pure, resp. Cohen-Macaulay) over G/H if
and only if inf (V') is holonomic (resp. pure, resp. Cohen-Macaulay) over G.

Proof. We may assume that G and H are pro-p groups, hence have trivial
duality characters. Since dim(G) = dim(G/H) + dim(H), Corollary 1.8,
Corollary 3.15 and Theorem 4.1 show that for any ¢ > 0 there is an isomor-

phism of functors EY o inf 2 inf oF" /dlm(

M) from Cq/u to Cg. Using the
characterization of purity given in [23], II1.4.2 Theorem 6, this implies all

assertions of the corollary. O

Next we will discuss tensor products. Let G; and G2 be p-adic Lie groups
and let V; € Rep%(G;) for i € {1,2}. Via the diagonal action the tensor
product Vi @ Vo becomes an object of Rep% (G1 x G2). The smooth E-
linear (G x Gag)-representation Vi ®p Vo is admissible if V; and V5 are
admissible smooth E-linear representations of G and G, respectively. The
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converse holds if V] and V3 are non-zero. There is a (G1 x G2)-biequivariant
isomorphism

C(Gy x G, E) = C(Gy, E) @ O (Ga, E).

Likewise, if M; € MOdR(EG-) for i € {1,2} then the diagonal action of G1 x G
on M;j x Ms is jointly continuous for the product topology and extends to
a jointly continuous action on the complete tensor product M;®pMs. In
particular, M1&®gM> € MOdic(GleQ) is a module over A(G7 X G2).

The formation of tensor products is compatible with Pontryagin duality in
the sense that there are natural isomorphisms

(9) (Vi@p V) 2Vi&Vs and (Mi&pMs) = M, ®p M

in Modi‘ée1X Gy and Rep% (G1 x G2), respectively. For example, we have

A(Gl X Gg) = A(G1)®EA(G2)

If M; € Cg, then the A(G1 x Gg)-module M;& g My is coadmissible, as follows
from the exactness of the complete tensor product over E. Using (9) and
Corollary 1.5 this also follows from the corresponding statement for smooth
representations.

Theorem 4.3. If My and My are coadmissible modules over A(G1) and
A(G2), respectively, and if i > 0, then the coadmissible A(G1 x G2)-module
Eél e (M1®gMs) admits a finite filtration by A(G1x Gs)-submodules whose

associated graded module is isomorphic to @, ,_; Egl(M1)®EEg;2(M2)-

Proof. Using Proposition 3.2 one can reduce to the case that both G; and
G4 are compact and hence that M; and M are finitely generated over A(G1)
and A(G2), respectively (cf. Proposition 1.9).

For ¢ € {1,2} let P® — M; — 0 be resolutions by finitely generated free
modules over A(G;) (cf. Theorem 3.1). The total complex T(PP&Py) is then
a resolution of M;& g M> by finitely generated free A(G1 x Gg)-modules. Re-
call once again that the complete tensor product over F is exact.

Let us consider the spectral sequence associated with the double complex
Hom (¢, x o) (Pr®EPs, A(G1 % G2)). Since Homy (g, xqy) (- A(G1 X Ga))
commutes with finite direct sums, the total complex of this double com-
plex is given by Homy ¢, x ) (T(PF®Ps), A(G1 X G2)). Therefore, the limit
terms of the spectral sequence are isomorphic to E};lch(Mﬂ?b s Ma).
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In order to compute the initial terms of the spectral sequence we note that
there is an isomorphism

Hom (g, x o) (Pr®EPs, A(G1 X Ga)) =
Hom () (P}, A(G1))®E Homy ) (P, A(G2))

of complexes of pseudocompact A(G1 x Ga)-modules. It is given by sending

1@ to the map ¢ with o(p1®p2) = 1 (P1)@p2(p2) € A(G1)®pA(G2) =
A(Gl X GQ)

The exactness of (-)®g(-) implies that the initial terms of the spectral se-
quence are given by EB? = Egl(Ml)é@EEgz(Mg). Further, the arguments
leading to the usual Kiinneth formula show that the spectral sequence de-
generates at Fo. Therefore, the filtration of Eélx Go (M1® g M>) arising from
the spectral sequence is as required. ]

Corollary 4.4. For i € {1,2} let V; € Rep% (Gi)* be non-zero. We have
dayx6, (Vi ®p V2) = da, (V1) + d, (Va).

Further, Vi ® g Vo is holonomic (resp. pure, resp. Cohen-Macaulay) over
G1 x Go if and only if Vi and Va are holonomic (resp. pure, resp. Cohen-
Macaulay) over Gy and Ga, respectively.

Proof. Since dim(G7 x G2) = dim(G7) + dim(G2) all assertions are direct
consequences of (9), Theorem 4.3 and [23], I11.4.2 Theorem 6. O

Finally, we treat a special type of induction functors. Let H be a closed
subgroup of G, and let V € RepS(H). The compact induction ind% (V) €
Rep% (G) is the E-vector space of all maps f : G — V whose support is
compact modulo H and which satisfy f(gh) = h='f(g) for all h € H and
all g € G. The action of G on ind% (V) is given by left translation, i.e.
by (9f)(g") = f(g~'q’) for all g,¢’ € G. In this way we obtain a functor
ind : Rep®(H) — Rep®(G). If the quotient space G/H is compact then
it preserves admissibility (cf. [38], 1.5.6). Further, the compact induction
functors are transitive in the sense that if K is a closed subgroup of H then
the functors ind% and ind% o ind% are naturally isomorphic (cf. [38], 1.5.3).

In order to translate the induction functor to the dual side, we assume that
G is compact and let M € Modlzc( H)" We define the pseudocompact E-vector
space A(G)®x ()M as the quotient of A(G)@pM by the closure U of the

kernel of the natural map A(G) g M — A(G) @) M.

The structure map A(G) x A(G) — A(G) of the pseudocompact left A(G)-
module A(G) gives rise to a continuous E-linear map A(G)®@pA(G) — A(G).
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Taking the complete tensor product with M over E we obtain a continuous
E-linear map
AMG)@pANG)@pM — AG)2pM

whose restriction to A(G)®gU takes values in U. Therefore, it induces a
continuous F-linear map

A(G)@E(A(G)®A(H)M) — A(G)@A(H)M.

C

According to Lemma 1.3 this makes A(G)®A(H)M an object of Modi’\(G).
Apparently, A(G)&x () : ModIXEH) — Modi?G) is a functor.

Lemma 4.5. Let G be compact, let H be a closed subgroup of G, and let

M e Modf’\(zH).

(i) The complete tensor product A(G)RagyM coincides with that of [11],
D- 446, i.e. N(G)@pyM = l'&nX’Y(A(G)/X) @na)y (M/Y) where X
and Y run through the open A(H)-submodules of A(G) and M, respec-
tively.

(i) Up to natural isomorphism the diagram

o ) c
Rep% (H) —— ModK(H)

ind%i \LA(G)@)A(H)(')
Repf (G) o Mody{(c;

of functors is commutative.

Proof. As for (i), note that A(G)®a )M as defined above is a pseudo-
compact E-vector space together with a continuous A(H )-bihomomorphism
AG) x M — MG)&pM — AG)&pmyM. We show that it satisfies the
universal property considered in [11], p. 446. Let f : A(G) x M — C be a
continuous A(H )-bihomomorphism into a pseudocompact E-vector space C.
By the universal property of @ it gives rise to a unique continuous E-linear
map g : A(G)®pM — C satisfying g(6A®@m) = g(§ ® Am) for all § € A(G),
A € A(H) and m € M. Since the kernel of g is closed we obtain U C
ker(g). Therefore, g induces a unique continuous A(H )-bihomomorphism
h: A(G)&pyM — C whose composition with A(G) x M — A(G)& )M
is equal to f.

As for (ii), let V € Rep% (H) and consider the exact sequence

0— U — AMG)&pV — AMG)@pm)V — 0

30



in ModRC(G). Applying the functor (-) we obtain the exact sequence

0— (A(G)@A(H)V)V — (A(G)@EV)V — U —0

in Rep®(G) where (A(G)&pV) = CX(G,E) @V = CX(G,V) by (9).
Therefore, it suffices to see that f € indG (V) C CX(G,V) = (AMG)&EV)
if and only if U C ker(f). Using that E[G] C A(G) is dense, this is readily
checked. O

Under the special circumstances encountered in the situation of parabolic
induction, the previous results extend to possibly non-compact groups.

Proposition 4.6. Let H be a closed subgroup of G and assume that there
18 a compact open subgroup Gy of G with G = GoH. The functors indg :
Rep% (H) — Rep% (G) and A(G) @y (+) : Mody gy — Modyg) respect
admissibility and coadmissibility, respectively. There is an isomorphism of
functors 5 §
() 0 ind§ = A(G) @xq () : Rep (H)* = Car.

Proof. That the functor indg preserves admissibility is true whenever the
quotient G/H is compact (cf. [38], 1.5.6). Set Hy = Go N H. As Go\G =
Hp\H as right H-spaces, the decompositions

AMG) = P AMGoh and AH)= @ A(Hoh
he Ho\H heHo\H

show that the natural map A(Go) ®@x(m,) A(H) — A(G) is an isomorphism
of (A(Go), A(H))-bimodules. Thus, A(G) @y M = A(Go) @ary) M as
A(Gp)-modules, proving that the functor A(G) @, () preserves coadmis-
sibility (cf. Proposition 1.9 (ii)).

If V is an object of Rep% (H) then evaluation at 1 € G is an H-equivariant
homomorphism ind% (V) — V. It induces a homomorphism V — ind% (V)
of A(H)-modules and hence a homomorphism A(G) @4 (g V — ind% (V) of
A(G)-modules. We need to see that it is bijective if V' is admissible.

Note that restriction to Go is a Go-equivariant isomorphism ind$% (V) =
indgg(V). As seen above, A(G) ®p () V = A(Go) ®A(Ho) 1% over A(Gy).
Thus, we may assume G = G to be compact. In this case, V is finitely
generated over A(H) (cf. Proposition 1.9) and A(G)®A(H)V = A(G)®A(H)V
by [11], Lemma 2.1 (ii). With these identifications the bijectivity of the
above map was shown in the course of the proof of Lemma 4.5 (ii). O

For compact groups, part (i) of the following theorem is contained in [28],
Lemma 5.5.
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Theorem 4.7. Let H be a closed subgroup of G and assume that there is a
compact open subgroup Goy of G such that G = GoH.

(i) For any integer i > 0 there is an isomorphism of functors
AMG) @) B () = EG(AG) @ (1)) : Crr — Ca-
(ii) For any integer i > 0 there is an isomorphism of functors
Xa ®p (80 ind§) = ind§ o (yy @p S4mG/H))
from Rep% (H)* to Rep% (G)“.

Proof. As for (i), set Hy = HNG( and consider the (A(Gy), A(H))-bimodule
isomorphism A(Go) ®a(py) A(H) — A(G). By the proof of [28], Lemma 5.5,
the A(Hp)-module A(Gy) is flat. As a consequence, the A(H)-module A(G)
is flat and the functor A(G) @4 (g (+) : Cy — Cg of Proposition 4.6 is exact.
One can then directly follow the arguments of [31], Lemma 6.3 (ii) and
Proposition 6.4, to see that the natural A(G)-linear maps

Extly ) (MG) @an) M, AG)) 5 Extly ) (M,A(G))  and

i Y i
A(G) @y BExty oy (M, A(H))  — Extly (M, A(G))

are both bijective. Assertion (ii) follows from (i), Proposition 4.6 and Corol-
lary 3.15. O

The following statements are immediate consequences of Theorem 4.7. The
purity assertion follows from [23], II1.4.2 Theorem 6.

Corollary 4.8. Let H be a closed subgroup of G and assume that there is
a compact open subgroup Go of G with G = GoH. If V € Rep% (H)® then

je(indG (V) = ju(V) and dg(ind5(V)) = dg(V) + dim(G/H).

Moreover, V is pure (resp. Cohen-Macaulay) over H if and only if ind% (V)
is pure (resp. Cohen-Macaulay) over G. O

If H is a closed subgroup of G we finally denote by res : Repy (G) —
Rep% (H) the restriction functor. There is a natural transformation

(10) res o Sty — Si o res

of d-functors that we call restriction, too, and which is constructed as fol-
lows. Fix a compact open subgroup Gy of G and let Q®* — E — 0 be
a resolution of E be finitely generated free A(Gp)-modules. Given V €
Rep¥ (G) the G-representation S5 (V) is the i-th cohomology group of the
complex @N Homy N)(Q', V) where N runs through the open subgroups
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of Gyg. Note that HomA(N)(Q',V) = Homio(r}\t,) (Q*,V) for any N because
the A(N)-modules Q° are finitely generated and free. By the arguments
given in the proof of Theorem 4.1 the cohomology groups of the complex
Homﬁ\o(rfm ) (Q*, V) are canonically isomorphic to Ext} ;- (£,V). Thus,
the natural transformation (10) is simply induced by the natural transfor-
mations Homf{’(r]l\t,)(Q', ) = Homﬁ\o(r}}mN)(Q', ).

For the rest of this section we let G be a connected reductive group over Q,
and G = G(Q,) its group of Qp-rational points. We set
¢(G) = min{dim(N
(€)= min{dim(r)
where P runs through the set of proper parabolic Q,-subgroups of G and N
denotes the unipotent radical of P. If G is Q,-split then by [5], Proposition
14.18, the constant ¢(G) depends only on the root system ® of G. Indeed,
if A = {ay,...,a,} denotes a basis of ® and if 1 < i < r then we let ¥,

be the set of positive roots whose expressions in terms of A have a non-zero
contribution from «;. We then have

¢(G) = min {0}

If G is Qp-split and @ is irreducible then the values of ¢(G) can be read off
from the tables in [9] and [34], Appendix. We record them in the following
list.

o |a| 5 | o | b |5|e| 56|
C(G)HE‘%—1‘26—1‘%—2‘16‘27‘57‘15‘5

Given a parabolic Q,-subgroup P of G we denote by P = MN its Levi decom-
position and by P, M and N the groups of Q,-rational points of P, Ml and N,
respectively. Following standard terminology, an F-linear irreducible admis-
sible smooth G-representation V is called supercuspidal if it is not isomorphic
to any subquotient of ind]G;(a) where P is a proper parabolic Q,-subgroup of
G and where o is an E-linear admissible smooth M-representation viewed as
a representation of P via inflation along P — P/N = M (cf. [1], 1.3). Note
that as one of the main results of [1], a representation is supercuspidal if and
only if it is supersingular in the sense of [1], 1.5 (cf. [loc.cit.], 1.5 Theorem
5).

Theorem 4.9. Let G = G(Q,) be as above.

(1) If P = MN ¢is a parabolic Qp-subgroup of G and if o is a supercusp-
idal representation of M then any subquotient V' of indg(a) satisfies
dg(V) < dim(G/P) + dp (o).
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(ii) If V € Repy (G)* is irreducible and not supercuspidal then either V' is
finite dimensional over E or ¢(G) < d(V).

Proof. If V is a subquotient of ind% () then dg(V) < da(ind% (o)) by (3).
It follows from the general theory of reductive groups over local fields that
G = Gy P for some compact open subgroup Gy of G (cf. [36], 3.3.2). Further,
since N acts trivially on o we obtain

(11) dg(ind%(0)) = dp(o) + dim(G/P) = dy (o) + dim(G/P)
from Corollary 4.2 and Corollary 4.8. This proves assertion (i).

Under the assumptions of (ii) we make use of a deep classification result of
Abe, Henniart, Herzig and Vignéras (cf. [1], Theorem 1.3.3 and Corollary
I1.7.2) building on previous work of Herzig and Abe. If the root system is
irreducible there are two possible cases. Either V' is isomorphic to a repre-
sentation of the form ind}G)(U) for some proper parabolic Q,-subgroup P of
G . In this case (11) shows that V' has dimension greater than or equal to
dim(G/P) = dim(N) > ¢(G). Since V is not supercuspidal, the only other
possibility is that V' is a twist of a generalized Steinberg representation cor-
responding to a parabolic Q,-subgroup IP of G. This is infinite dimensional
if and only if P # G. In this case the assertion follows from Proposition 5.5
below. O

Remark 4.10. (i) The results of this section together with the above
mentioned classification results show that in order to determine the
dimensions of the objects of Rep% (G)* which are of finite length it
suffices to consider supercuspidal representations. In the next section
we are going to treat the case G = GL2(Q)).

(ii) If the root system of G is reducible or if V' is supercuspidal we do not
know if there are dimension bounds as in Theorem 4.9. If G = G; x G
is the direct product of two non-trivial connected semisimple Q,-split
groups G; and Gg, for example, and if V =V} ®g Vo where V] is a
supercuspidal G-representation and V5 is the Steinberg representation
of G2, then V is irreducible but not supercuspidal. By Corollary 4.4
we have dg(V) = dg, (V1) + dg,(V2) so that we are confronted with
the same problem as in (i).

5 Examples

We continue to assume that p is a prime number, that F is a field of char-
acteristic p and that G is a p-adic Lie group of dimension d = dim(G). As
a first result we will give an explicit description of the duality character xg
of G. Let g denote the Lie algebra of G over @, endowed with the adjoint
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action of G. It gives rise to the Q,-valued character A% g of G. As in section
2 we denote by dg : G — Q, the locally constant modulus character of G

and define the Q,-valued character 0g of G by dg = /\d g ®q, 0G-

The following theorem shows how to describe the duality character xg in
terms of the character dg. Its proof relies heavily on results of Schneider
and Teitelbaum and shows a partial compatibility with the duality theory
for locally analytic representations developed in [31].

Theorem 5.1. The character 0¢ takes values in Z, . The duality character

xa of G coincides with the composition of 051 : G — Z,; with the canonical
homomorphisms Z, — F; — E*.

Proof. If | - | denotes the normalized absolute value of @, then dg = | Agl
by [8], I11.3.16, Corollaire & la Proposition 55. This proves the first assertion.

As in section 1 one can define the Iwasawa algebra Az, (G) of G with coef-
ficients in Z; and the bimodule Az, (G) = [[,cq/q, 902, (Go) over Az, (G).
In this situation, the analog of Proposition 3.2 holds true with formally the
same proof (relying once again on [24], Lemma 2.3 and [31], Lemma 2.2).
The formation of Az, (G), Az, (G) and Extfl\zp(G)(Zp,AZp(G)) commutes
with reduction modulo p. Indeed, the cases of Az,(G) and Az, (G) are both
formally reduced to the standard fact that Az, (Go)/pAz,(Go) = Ar,(Go)
for any profinite group Gy. For the extension groups one is reduced to the
case that G is a uniform pro-p group by using Proposition 3.2 and its ana-
log over Z,. In this case, the Az, (G)-module Z, admits a Z-linearly split
resolution by finitely generated free Az (G)-modules (cf. [25], Chapitre V,
(2.2.2.3)). Since it is Zy-split, this resolution remains exact after reduction
modulo p. Moreover, the extension groups ExtRZP(G) (Zp, Az, (G)) are free

Zp-modules because G is a Poincaré duality group (cf. [35], Theorem 5.1.5).
By standard arguments we obtain that the formation of extension groups
commutes with reduction modulo p, as claimed. As a consequence, it suf-
fices to see that the left action of G on EXt?\ZP(G) (Zyp, Az, (G)) is given by 051.

We make free use of the notation introduced in [31]. In particular, D(G,Q,)
denotes the Qp-algebra of locally analytic Q,-valued distributions on G
and Do, (G) = C*(G,Qp);, as a (D(G,Qp), D(G,Qp))-bimodule. By the
proof of [31], Proposition 6.5, the right action of G on Dg,(G) makes
Ext%(Gva)(QP,DQP(G)) a left D(G,Qp)-module of Q,-dimension one on

which the action of G is given by the character 051. Further, by [31],
Proposition 2.3 we have the analog of our Proposition 3.2, i.e. for any com-
pact open subgroup N of G there is a natural D(N, Q))-linear isomorphism
Exth(G’QP)(QP, Do, (G)) — Ext%(N@p)(Qp, D(N,Qp)). In particular, the
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Qp-vector space on the right is one dimensional with its left /N-action given
by DEI\N = 0&1. Arguing as in Proposition 3.13, there is an isomorphism

Ii?mExt%(N,@p)(@p, D(G,Qy)) =o' ®q, C°(G,Qy)

of left and right G-representations.

Let N be any compact open subgroup of G. We note that there is a ho-
momorphism Az, (N) ®z, Q, — D(N,Q,) of Q,-algebras which is faithfully
flat by [30], Theorem 5.2. Since the ring Az, (N) is noetherian (cf. [25],
Chapitre V, Proposition 2.2.4), the trivial Az, (N)-module Z, admits a res-
olution P* — Z, — 0 by finitely generated free Az, (N)-modules P*. As is
shown in the proof of [31], Proposition 6.5, the induced complex

D(N,Qy) ® Az, (V) P* — D(N,Q,) DAz, (N) Zp — 0

is an exact resolution of the trivial D(N, Q,)-module D(N, Q,) Ny, () Lp =

Qp by finitely generated free D(N,Qp,)-modules. On the other hand, there
is a G-biequivariant homomorphism

hﬂEthl\Zp(N) (Zp, Az, (G)) ®z, Qp — hﬂEXt%(N,@p)(Qpa D(G,Qp)).
N N

It is the direct limit of the homomorphisms
(12)  Exty, ov)(Zp,Az,(G)) @z, Qp — Exthyg,)(Qp D(G,Qp)),

coming from the (Az,(G), Az, (G))-bimodule homomorphisms Az, (G) —
D(G,Q,) and the natural isomorphisms

HOIHAZP(N)(P., D(G,Qp)) = HomD(N’Qp)(D(N, Qp) ®AZP(N) P., D(G, Qp))

By Proposition 3.13 it suffices to show that the maps in (12) are bijective.
By decomposing Az, (G) and D(G, Q) into direct sums of free modules over
Az,(N) and D(N,Qy), respectively, we are further reduced to showing that
the natural map

(13)  Extd, (w)(Zp Az, (V) @z, @ — Extihx o, (Qy D(N, Q)
is bijective. However, this is just the canonical map

(14) Ext‘ﬁzp(m (Zp, Az, (N)) ®z, Qp
— D(N,Qp) ®4, (v) ExtdAZp( 3 (Zp, Az, (N))

into the base extension followed by the canonical isomorphism

D(N,Qp) O Az, (N) EXt?\Zp(N) (Zp, Az, (N)) = EXtD (N,Qp) (Qp, D(N,Qy))
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(cf. [6], Chapitre X, §6, No. 7, Proposition 10 (b); here we use once more
that D(N,Q,)® Az, (N) Zp = Qp). Asrecalled above, the ring homomorphism
Az, (N)®z,Qp — D(N,Qy) is faithfully flat, whence the map (14) is injective
and so is the map (13). Now we may assume that N is an open uniform
pro-p subgroup of G. In this case N is a Poincaré duality group by [35],
Theorem 5.1.5, and both sides of (13) are one dimensional vector spaces over
Qp. This completes the proof. ]

Corollary 5.2. If G is open in the group of Qp-rational points of a connected
reductive group over Q, then the duality character xg of G is trivial.

Proof. Let g denote the Lie algebra of G. It is the direct sum of its center
and its derived Lie algebra. Therefore, the adjoint action of g on /\dg is
trivial. Since the action of G on /\dg is algebraic, it is trivial by Zariski
density. By Theorem 5.1 the character y¢ = (A%g ®q, IA%g|)~! is then
trivial, too. 0

In what follows we assume that G = G(Q)) is the group of Q,-rational
points of a connected reductive algebraic group G over Q,. As before we
denote by P a parabolic Q,-subgroup of G with Levi decomposition P = MN
and denote by P, M and N the respective groups of Q,-rational points.

Corollary 5.3. If G is Qp-split and if P is a Qp-Borel subgroup of G with
associated set of positive roots ® then

xp(mn) =[] atm)~'a(m)|™" mod p
acdt

for allm € M andn € N.

Proof. Since N is the union of its open pro-p subgroups the restriction of xp
to N is trivial. Therefore, the assertion is a direct consequence of Theorem
5.1 and the weight space decomposition of the Lie algebra of G. O

As our next example, we compute the higher smooth duals of the principal
series representations of G. Let x be a smooth E-valued character of M =2
P/N, viewed as a smooth FE-valued character of P via inflation. Taking
into account Theorem 5.1 the following result is formally the same as [31],
Proposition 6.5. It is a direct consequence of Corollary 3.16, Theorem 4.7,
Corollary 4.8 and Corollary 5.2.

Proposition 5.4. The smooth principal series representation ind%(x) of G
over E is Cohen-Macaulay of dimension dim(G/P). The smooth E-linear

G-representation Sgim(G/P)(indg(X)) is isomorphic to ind%(xpx~1). O
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By E we also denote the trivial F-valued character of P. The special repre-
sentation Spp(G, E) of G with respect to P is defined by the exact sequence

P indG(E) — ind%(E) — Spp(G, E) — 0,
PGQ

in which the left hand sum runs over the set of groups of Q,-rational points
of the parabolic Q,-subgroups of G properly containing P.

Proposition 5.5. The special representation Spp(G, E) is pure of dimen-
sion dim(G/P). The surjection ind%(E) — Spp(G, E) induces an isomor-
phism in the quotient category RepOEO(G)gim(P)/Rep%o(G)gim(P)H.

Proof. Since ind%(E) is Cohen-Macaulay of dimension dim(G//P) (cf. Propo-
sition 5.4), the A(G)-module ind%(E) is pure of grade dim(P) (cf. Remark
3.7). It follows from [23], III.4.2 Proposition 9, that so is its submodule
Spp(G, E). Let W denote the kernel of the surjection ind%(E) — Spp(G, E)
so that W is a A(G)-submodule of @PgQindg(E)v. By (3) and Proposition

5.4 we have j(W) > minng dim(Q) > dim(P). Thus, W € Cgim(P)ﬂ and

W e RepoEo(G)gim(P)H. O

The special representations Spp(G, E) were shown to be irreducible by
Grofle-Klonne (cf. [20], Corollary 4.3), Herzig (cf. [22], Theorem 7.2) and
Ly (cf. [26], Théoreme 3.1). If P is a Borel subgroup of G then the special
representation Spp(G, E) is usually called the Steinberg representation of G
over F and will be denoted by Stg.

Proposition 5.6. If G = GL3(Q,) then the Steinberg representation of G
over E is not Cohen-Macaulay.

Proof. We let P; and P, be the groups of Q)-rational points of the two
distinct proper parabolic subgroups of G which properly contain a fixed
Borel subgroup P. Since P; and P, generate the group G there is an exact
sequence

0 — E — ind%, (E) @ ind%, (E) — ind%(E) — Stg — 0

in Rep% (G)®. As above, we denote by W the kernel of the surjection
ind%(E) — St and consider the short exact sequence

00— F— indg1 (B)® indg2 (E) — W —0.

Using Corollary 3.16 and Proposition 5.4, the long exact sequence obtained
by applying the d-functor (S5)i>o yields

1%

Se(W) = B,
S&(W) = ind% (xp,) ® indf,(xp,) and
SL(W) = 0fori¢{1,2}.

I
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Moreover, by Proposition 5.4 we have
0, if i # dim(G/P) = 3,

S'(indB(E)) =
(ind(E)) { ind(yp), ifi=3.

Considering the short exact sequence 0 — W — ind%(E) — Stg — 0 and
analyzing the associated long exact sequence we obtain S(Stg) = 0 for
i €1{2,3}, S%(Stg) = E, as well as a short exact sequence

00— indgl(xpl) @D ind%(XPQ) — SS(Stg) — indg(Xp) —0
In particular, Stg is not Cohen-Macaulay. O

Proposition 5.7. If G = GLy(Q,) then the Steinberg representation of G
is Cohen-Macaulay of dimension one. Up to isomorphism, Sé(Stg) 1s the
unique non-split extension

0 — E — S&(Stg) — ind%(xp) — 0
of E and ind%(xp).

Proof. Consider the exact sequence 0 — E — ind%(E) — Stg — 0. Using
Corollary 3.16, Proposition 5.4 and analyzing the associated long exact se-
quence obtained by applying the d-functor (S&);>0 we obtain S&(Stg) = 0
unless ¢ = 1. In particular, the Steinberg representation of GL2(Q)) over E
is Cohen-Macaulay. For ¢ = 1 we obtain a short exact sequence

0 — E — S&(Stg) — ind%(xp) — 0.

If this sequence was split we would obtain S'S'(Stg) = ind%(E) by Corol-
lary 3.16 and Proposition 5.4. However, S'S'(Stg) = Stg by Corollary
3.15 and [37], Proposition 3.9, because St is Cohen-Macaulay of dimension
one. Now the Steinberg representation is irreducible whereas ind%(F) is not.
Thus, we arrive at a contradiction. Finally, note that up to isomorphism
there is only one non-split extension as above (cf. Proposition 5.3 and [18],
Proposition 4.3.13 (2), bearing in mind the different conventions concerning
ind% which are used in [17] and [18]). O

Remark 5.8. Over fields of characteristic zero the Steinberg representation
is known to be self-dual, i.e. isomorphic to its 0-th smooth dual (cf. [12],
§9.10 for the case of GL3). Proposition 5.6 and Proposition 5.7 show that its
behavior in natural characteristic is different. More importantly, we find that
even on Cohen-Macaulay representations the smooth duality functors do not
preserve irreducibility. Further, the higher smooth duals of an irreducible
representation are not necessarily concentrated in a single degree. Both
phenomena are in contrast to the Zelevinsky conjecture in characteristic zero
(cf. [33], Theorem II1.3.1 and Corollary I11.3.2) which is also formulated in
terms of certain Ext-duals.
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Let now again G be an arbitrary p-adic Lie group and let Gy be a (not
necessarily compact) open subgroup of G. Given an E-linear representation
V of Gy we denote by IgO(V) the F-vector space of functions f : G — V
satisfying f(gh) = h='f(g) for all g € G and h € Gy. Left translation by
elements of G gives Igo (V) the structure of an E-linear G-representation.

If V € Rep (Go) we let Indg (V) := S°(IG (V)) € Repy (G) denote the
subspace of smooth vectors in I(G;O (V). Recall that we defined inng(V)
to be the G-subrepresentation of IgO(V) consisting of all functions whose
support is compact modulo Gg. Since the Gp-representation V is smooth
we automatically have inng(V) - Indg0 (V). If G/Gp is compact then
ind&, (V) = Ind§, (V) = IS (V).

Lemma 5.9. Let Gy be an open subgroup of G. If V € Rep% (Go) then the
G-representation indgo(V)v is tsomorphic to Igo (V). In particular, the latter

~

s naturally an object of ModﬁiG) and there is an isomorphism 5’% oindgO ~
Indg0 o S’%O of functors Rep% (Go) — Rep% (G).

Proof. We define the E-bilinear map (-,-) : indgo(V) X IgO(V) — E by
([, F) =3 gecia, F(9)(f(g))- 1t gives rise to a G-equivariant E-linear map
I go (V) — indg0 (V). Evaluation at a fixed system of coset representatives
of G/Gy yjelds E-linear isomorphisms indg (V) & ©gea/c,V and IgO(V) =
ngG /G, V' under which the above G-homomorphism corresponds to the
isomorphism ngG /Go 1= (@geg/GOV)V. This proves the first assertion.
The second assertion is a consequence of the obvious relation 3% (1, go (V) =
Indg, (¢, (V). m

Remark 5.10. If Gy is open of finite index in G then the functors indg0 and
Indg0 on Rep% (Gy) coincide. Further, for any smooth E-valued character x
of G there is an isomorphism of functors xy ® g indgo(-) = indgO (Xlao ®E (+))
(cf. [38], §1.5.2). In this special situation the statement of the preceding
lemma is in accordance with that of Theorem 4.7 (ii) for i = 0.

Finally, we treat the supersingular representations of G = GL2(Q,) con-
structed by Barthel and Livné (cf. [3]) and classified by Breuil (cf. [10]). Let
Z = Q, denote the center of G = GL2(Qp). Set Go = Z - GL2(Z,) and let
V' denote a finite dimensional E-linear representation of GLg(F,). We view
V' as a smooth representation of Gy via inflation along GLa(Z,) — GL2(F))
and by letting p € Z act trivially. Set

(01 _(p O _ n n
w-(l O),a—<0 1)andGn—GoﬁozGooz

for any n € Z. We let Ky = GL3(Z,) and for m > 1 denote by K, the
kernel of the reduction homomorphism GL3(Z,) — GL2(Z,/p"Zy). By T
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we denote the subgroup of G consisting of diagonal matrices. By N and
N we denote the subgroups of G consisting of upper and lower triangular
unipotent matrices, respectively. Setting

To=TNGy, Ny=a"(NNGy)a~™ and N,, = a "(N NGp)a"

we have the Iwahori decomposition G,, = N¢TyN,, whenever n > 1. Further,
waw 'Z =a'Z and Gy = G_1 [[ NowG _1 so that

(15) GoaGy = G()OéilG() = ailGo H No’waflGo = OzflG() H NoaGy.

Multiplying by o™ from the left we obtain a"GoaGy = o™ 1Gy 11 N,a"T1Gq
for all n € Z.

Theorem 5.11. Assume G = GL2(Qp). If Go and V are as above then
Sé(indgo(V)) = 0 for any integer i > 2.

Proof. By Lemma 5.9 we have inng(V)v = IgO(V) and need to see that
XHIG, (V) =0 for i > 2.

For any integer n we den9te by V,, the oG "-representation whose under-
lying E-vector space is V' and such that (a"ga™"™)0 = gv for all g € Gy and
0 € V. With this notation the Cartan decomposition G = [[,,~, Goa Gy in-
duces the Gg-equivariant Mackey decomposition [ (G;o (V) = [1>0 indgfl(f/n),
sending a function f € IgO(V) to the family (f,)n>0 of functions f, €
indgz (V) defined by f.(g) = f(ga™). For any integer m > 0 it induces the
decomposition

(16) Ext) g,y (B, 16,(V)) = [ Bxth k) (B, indG2 (Vi)

n>0

Since K, is normal in Gy and ind% = jnd%e 0ind%" K™ the exactness
Gn GnKm Gn
of the induction functors implies

(17)  Ext) g, (B, indg® (V;,)) = ind° o (Exthy g, (B, indGr " (V,))).

>~

Further, restriction to K, induces a A(K,,)-linear bijection inngK’" (V)
indg;"m Km(f/n) so that by Shapiro’s lemma

(18) Exth g, ) (B, indgm (V) = Bxt) q, nx,) (B, Va)-

Let £ > m. Under the identifications (16), (17) and (18) the restriction
map Extx(Km)(E,Igo (V) — Ext}\(KZ)(E,IgO (V)) is the direct product of
the maps

indg? s, (Bxtl g, nie,) (B V) — nd@? i, (Bxt) g, ey (B Vi),
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obtained by composing a function on the left with the G,, Ky-equivariant re-
striction map Ext} ¢~y ) (E, Vo) = Ext} ¢ ~x,)(E, Va). We will see that
if 4 > 2 then there is an integer £ such that these restriction maps are zero
for all n > 0.

By Proposition 3.8 have lim _ EXti\(Gane)(E7 V,,) =0 for i > 1 and each
n > 0 individually. However, the vanishing of this direct limit might not
be uniform in n. Note that all occurring extension groups are finite dimen-
sional over F so that we can at least choose £ > m with the property that
the above restriction maps are zero for all n < m. We claim that if ¢ > 2
and n > m then the restriction map is zero for £ = m+1. This will complete
the proof.

Setting T, = K,, N T and assuming m > 1 we have the decomposition
K = NuTy Npn. If n > m then we also have the decomposition G, N K,, =
Ny T Ny. Conjugation with o™ yields o™ (Gy, N Kyp)a™ = Ny T No
and therefore

Exty . (B> Va) = Exty g (B, V) with  Unp = Ny Ty No.

If m > 2 then K, is a uniform pro-p group (cf. [15], Theorem 5.2). In the
particular case of GL2(Q)) the same is true of the groups Uy, if 2 < m < n.
Indeed, by [15], Theorem 4.5, it suffices to show that Up,, is powerful, i.e.
that every commutator is contained in the closure of the subgroup generated
by the p*-th powers of U,,,. Here ¢ = 1 or ¢ = 2 according to whether p
is odd or even. Since the groups N, in, T and Ny are commutative, it
suffices to check the following finite number of cases. Letting ¢ € p™t"Z,,
a,d € 1+ p™Z, and b € Z, we have

(10 a 0\] _ 1 0\ _w

(1) (0 2)] = (aloe V) eFomn=Tu
(1 b a 0\] _ (1 (1—9%p —
(o1)-(5a)] = (o "3 ) ememnt o
(/1 0 1 b\ _ 1+ be bc . "
_<c 1)’(0 1)_ N <—C2b 1+bc+(bc)2>€a Kmtna”,

where ™" Ko na = a " (NpinTmsnNmin)a™ C a*”(mTﬁ;Nﬁg)a” -
Ubn.

This result allows us to determine the E-vector spaces Extj'\(Umn)(E , V) for
any ¢ > 0. We let m denote the maximal ideal of the ring A(Up,,) and endow
A(Upy), V and V with their m-adic filtrations. Denoting by gr(A(Upnn,)),
gr(V) and gr(V) the associated graded objects there is a functorial isomor-
phism

Tor?(Um") (E,V) = Torzgr(A(Um")) (E,gr(V))
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(cf. [21], Theorem 3.3"). Dually, we obtain functorial isomorphisms

Extly g7,y (B, V) & Extly oy 0,9 (B> gr(V))

for all ¢ > 0. Note that m is the augmentation ideal of A(U,,,). We let ¥
and v denote topological generators of N,,., and Ny, respectively, and let
71 and 7o denote topological generators of T,,. Sending u, x, y and z to
the classes of 1 — 7, 1 — 71, 1 — 75 and 1 — v in m/m?, respectively, induces
an isomorphism Flu,x,y, z] = gr(A(Upn,)) of graded E-algebras (cf. [15],
Theorem 7.24). Since Nyim and Ty, act trivially on V, the elements u, x
and y annihilate gr(V). Therefore, gr(V) can also be computed through
the adic filtration of A(Ny). By the Kiinneth formula we obtain E-linear

isomorphisms
Eth}\(U,,m) (E,V)
= Dppami Bxty v 0 (B E) @p Exty vy (B, gr(V))
= @H_s:i(/r\ EXt;r(A(ﬁernTm))(E’ E)) @5 Extg,a(ng)) (£ gr(V))
= €Br+s:i(/\ EXt/l\(ﬁernTm)(E’ E)) ©p Ext} n,) (B, V)

for all i > 0 which are compatible with restriction. Note that (N, 1nTn)?P =
N pan+1Tm+1 so that the restriction map

~

EXt/l\(NernTm) (E7 E) - Hom(Nm+nTm7 E)
Ethl\(Nm+n+1Tm+1) (B, B) — Hom(ﬁm+”+1Tm+1v E)
is trivial because E has characteristic p. Since dim(Ny) = 1 the claim
follows. O

Remark 5.12. The final arguments given in the above proof imply more
generally that for n > m > 2 and any integer ¢ > 1 the restriction map
Ext} G, nk,) (Es V) — Extlyy  (E,Vy) is surjective and that its kernel

coigcides with therernel of the restriction map Extj\(Ganm)(E,Vn) —
EXti\(GanmH) (E, V).

We keep the assumption G = GL2(Q,) and from now on assume that V' is
irreducible over Gy. We recall the construction of the G-equivariant Hecke
operator T = Ty on inng(V) given in [3], section 3. The composition of
the natural maps VN — V — Vy, is bijective. It induces an E-linear
endomorphism U = Uy : V — Vy, = VN s Vof V.Forge Gandv eV
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we denote by [g,v] € indgo (V') the function with support gGy and value v
at g. The operator T is then determined by the formula

(19) T(lg,v]) = Yo lgra,Uz'o)]
GoaGo=]] zaGo

[qwa, U(wv)] + Z [gna, U(n" 1)),
n€Ny/N1

where we made use of the decomposition (15). By [3], Proposition 4, and
[10], Théoreme 1.1, the G-representation

my = ind@ (V)/T(ind&, (V)

is irreducible and by [3], Theorem 34, any supersingular smooth E-linear
representation of G = GL2(Q,) with trivial action of p € Z C Gy is of this
form. Note that inng(V) and hence 7y admit central characters which
are equal to the central character of V. The character of G obtained by
composition with the determinant map det : G — Q; = Z will be denoted
by dy : G — E*.

Theorem 5.13. If G = GL2(Qy) and if V is an irreducible representation of
Go as above then the supersingular G-representation my is Cohen-Macaulay
of dimension one. There are isomorphisms

Sév(ﬂv) =7y =7y QR 5‘71
of E-linear smooth G-representations.

Proof. By Lemma 5.9 we have Sg(inng(V)) = Inng(V). Identifying
F e Indgo (V') with the infinite sum >_geGGol9s F(9)] our first claim is that
the operator S (Tv) is given by S&(Ty)(F) = >gec/co T (9, F(g)]). Note
that S2(Tv) is obtained from the Pontryagin dual Ty of Ty by restriction to
the subspace of smooth vectors in [ go (V) By continuity, 7}, commutes with
infinite sum expansions as above, and hence so does Sg(T v). Moreover, by
formula (19) the operator Ty, has a unique extension to IgO(V) commuting
with infinite sums as above. Therefore, it suffices to see that the restriction
of SA(Tv) to inng(V) agrees with 7y,. In fact, this will show that more
generally Ty, = T} as G-equivariant endomorphisms of Igo(f/').

Note that Uy is a projection whose image is V¥ and whose kernel coincides
with the kernel of the natural map V' — Vg . Since the analogous charac-

terization holds for Uy, and since wiNow = N one deduces that Uy, is the
transpose of the endomorphism wUw of V. We also note that if y € G has
the property that ayaGy = G then yG1 = wG1. Indeed, the decomposition
(15) shows that otherwise ayaGy C aNoaGoy € Noa?Go which has trivial
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intersection with G by the Cartan decomposition.

Now let g,h € G, v € V and © € V. Using the pairing introduced in the
proof of Lemma 5.9 we have

(lg.0). STV (R = (Ty(lg. o). [, o))
=S (lgma, Uy (a0, by ).

GoaGo=]1, zaGo

The latter sum is zero unless hGg C gGoaGy. Assuming hxg = gra with
z, 20 € Go and using [h, 0] = [hxg, 2, '7] we obtain ([gzra, Uy (z~ )], [h, 0]) =
9(zoUy (z71v)). On the other hand, we have

<[g7v]7T\7([h7®])> = Z ([g,v],[hxa,UV(xflﬁ)D,

GoaG():ch zaGo

which is zero unless ¢gGog C hGoaGy. Note that the conditions gGg C
hGoaGg and hGy C gGoaGy are equivalent. Indeed, noting that GoaGy
contains a~! € wawZ and hence is invariant under inversion, the conditions
are equivalent to Goh~1gGo = GoaGy = (GoaGo)~! = Gog~'hGy. In this
case we may write gyo = hya with y,yo € Go and obtain ([g, v], Ty ([h, ?])) =
UV(y*ITJ)(yO_lv). Since owvalya = 27 lyy € Gy, our above remark implies
that we may assume xaly = 27 1yg = w. Since Uy is the transpose of wUyw
this yields

Uy (y~'0)(yy ') = d(ywUy (wyy 'v)) = d(zoUy (x~'v)),

thus proving our claim.

Let us write IgO(V) = [[,,>0 In where I, is the subspace of functions sup-
ported on Goa™Gy. The decomposition of a"GyaGy given before Theorem
5.11 shows that we have Ty, = Tif + T where Ti : [],50 In = [T In i
G-equivariant and homogeneous of degree 1 given by

TH([ga",0) = ) [9a’za, Uy (z™'0)]
xE€No /N1

and Ty, factors through the projection [],~oIn — [[,>1 In such that the
resulting Gp-equivariant map Hn21 I, — ano I, is homogeneous of degree
—1 given by

Ty ([ga”, 7)) = [ga" ™", wUp (wi)].

Our second claim is that T ‘J; is injective. It suffices to show that the in-
duced map I, = I,41 is injective for any n > 0. In fact, this is part of the
proof of the injectivity of T}, on indgo(f/). Let us recall the argument. Let
F € I, and write F' =} [ya™, F(ya™)] where Goa"Go = [[, ya" Gy. Since
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Gni1 C Gy one sees that ya™ NoaGoNy'a™ NgaGo = 0 for all y # 3/ as above.
Thus, Goa"NoaGy = ]_[y HzeNo/Nl ya"raGy. Therefore, T‘J;(F) = 0 im-
plies Uy (z71F(ya™)) = 0 for all z and y. Assuming F(ya™) # 0 this vector
spans a nonzero Np-invariant subspace of V. Since the action of Ny factors
through the p-group Ny/Np this subspace contains a nonzero Ny-invariant
vector. However, this vector must be contained in the kernel of Uy, contra-
dicting the fact that Uy, is the identity on Vo,

Taking up the notation of the proof of Theorem 5.11 and using [38], 1.5.6,
there are Gg-equivariant isomorphisms

IEm o~ indggKm (VEmNGny for all n,m > 0.

If n > m then G, N K,, = N,,T;nN,,. Conjugating with o™ we see
that VnKmmG” = VMo i independent of n > m. Further, if n > m then
Gni1Kym = GuK,, = NoTyN,, and we obtain that the finite dimensions of
IEm and I ,ﬁ”l coincide. As a consequence of the above injectivity statement,
the map T;  [Km I,ﬁ”l is bijective whenever n > m.

On the other hand, we claim that for n > m > 1 the map T‘; IEm Iff_’”l
is zero. Note first that for n > m and F € IXm we have F(Goa™) C
Vo, Indeed, if y € Gg then yN,y~' C K,, because N, C K,, and
because K, is normal in Gy. Given x € Ny this implies xF(ya™) =
F(ya"z~ta "y lya™) = F(ya™). If V is not a twist of the trivial rep-
resentation then the required vanishing statement follows from the fact that
wVNo = VNo i contained in the kernel of Uy,. Namely, Uy, is a projection
with image Vo, ker(Uy,) is a direct sum of Ty-weight spaces and the weight
spaces VN0 and Vo are distinct unless V is a character. In the latter case,

write
F= Z Z [gza”, F(gza™)].

QGGO/Gn—l CEEGn_l/Gn

Note that the natural map N,_1/N, — G,—1/G, is bijective. Further,
the K,,-invariance of F' implies F(gra™) = F(grg~'ga™) = F(ga™) for all
x € N,_1 because grg~ ' € K,_1 C K,, if n > m. As a consequence, we
obtain

E) = Y Y a0 Vel (wF(gea)
gEGO/anlzeanl/Nn

= > > lga" T F(ga™)] =0,

9€Go/Gn—1 ENp—1/Ny

because if V is a character then Uy, is the identity, the action of Ny =
a~ VN, 10" on V is trivial and p = (Np—1: Ny) is zero in E.
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Our next claim is that Sg(7y) is injective. Let F € Sg(inng(V)) =
Ind% (V) be contained in the kernel of S%(T}) and choose m > 0 such
that F € IG (V)5m. Writing F = (F,)n>0 with F,, € I we have

0= S(TV)(F) = (T3 (F), T (Fy) + T3 (F), ...

However, if n > m > 0 then T‘;(Fn_g) + Ty (Fn) = T;(Fn_g) by the above
vanishing result on 7T v Therefore, the injectivity of T‘; yields F,,_9 = 0
and hence F,, = 0 for all n > m — 1. As a consequence, the component of
S%(Tyv)(F) in degree m — 2 reads 0 = T;;(Fm,g) + T, (F-1) = T;/F(Fm,g).
The same arguments and downward induction imply F' = 0, as claimed. In
particular, we obtain S2(my) = 0, as was predicted by Proposition 3.9.

Since the restriction of S&(Tv) to indg0 (V) C Sg(inng(V)) coincides with
Ty, we obtain a G-equivariant map 7wy — coker(Sg(7y)) that we claim to
be a bijection. Let again F' = (F),)p>0 with F), € IgO(V)Km for all n > 0.
The surjectivity of the above map will follow once we show that the ele-
ment H = (Hp)p>o0 with H, = 0 for 0 < n < m+1 and H, = F, for
n > m+1 is contained in the image of S&(7Ty). According to the bijectivity
result on T; there are elements H) € IXm with T;(H;l) = Hy4 for all
n > m+ 1. Setting H), = 0 for n < m and H' = (H})n>0 € IgO(V)Km we
have S&(Ty)(H') = T;(H’) + T, (H') = T;;(H’) = H because of the above
vanishing property of T‘; .

Now assume S&(Tv)(F) € indgo(f/). The injectivity of the above map will
follow once we can show that F' € indgo(V). Since S2(Tv)(F) is zero in
almost all components this follows from the same arguments that we used
in order to prove the injectivity of S (Tv).

Finally, we show that the map S (Ty) is bijective. Note that as Go-
equivariant maps we have

S6(Tv) = S¢(Tv) = S¢(Ty) = B¢, (TF) + B, (Ty)-

As a first step we will prove that Eéo (T ‘J/r ) =0. Let

[F] € 5¢(indg, (V) = lim Ext} (B, I§,(V)) = lim H Ext) g, (B In)

m

be represented by F' = (Fy,)n>0 € [[,>0 Ext/l\(Km_l)(E,In) with m > 2. Let
F’ be the element obtained by replacing Fj,, by zero for all n < m. Note
that Hn<m n 1s a finite dimensional Gy-representation and consequently
has a trivial ElGO by Proposition 3.8 and Corollary 3.16. This implies that
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[F] = [F'] and that it suffices to prove the triviality of the map

Extk( K,y 1) (B In) ——> Ext}\( ko) (s In)

|

for all n > m > 2. Here the vertical arrows are restriction and the horizontal
arrow is induced by T;/r. Since G, K; = Gp+1K; form —1 <i <m+1 the
proof of Theorem 5.11 and Remark 5.12 show that equivalently we need to

prove the triviality of the map
Ethl\(Nn) (E, Vn) — EXt}\(NnJrl) (E, Vn-ﬁ-l))

induced by T;/r . It is given by the compatible pair of homomorphisms
Npy1 = Ny and Uy : Vi, = Vg1 If V is one dimensional then N, (resp.
Ny,4+1) acts trivially on Vj, (resp. on V1) and Uy, is the identity map. In
this case, the above restriction map can be identified with the restriction
map Hom(N,, E) — Hom(N, 1, E) which is zero because N, 1 = N}
and because E has characteristic p. In general, Poincaré duality shows that
there is an isomorphism Ext/l\( o) (B, Vi) = (Vi)n,, sending the class of a

crossed homomorphism N,, — Vj, to the class of its value at a topological

generator of V. Composing with Uy, the corresponding crossed homomor-
.. Nn
an—l—ﬁ1

. . . N1 . .
one dimensional then the image of V,\"i"" in (Vy41)n,,, is zero, as claimed.

phism N, 41 — V41 takes values in . As recalled above, if V is not

On the other hand, the map Eéo (T‘;) is bijective. Proceeding as above it
suffices to prove the bijectivity of the map

(20) Exty ) (E; V) — Exty iy, (B, V1),

induced by T‘; if n > m > 2. In order to make this map explicit, note first
that wUypw : V;, — Vj,_1 is Ny-equivariant. In fact, if z € N,, and © € V),
then (wzw — 1)wv € ker(Uy,) so that wUy (wxv) = wUy (wd) = zwUy (wd)
because N,, acts trivially on V,,_;. Therefore, T‘; : ind%:’l(f/n) — Vi
is the composition of ind%i‘l(wUf,w) and the norm map ind]]&‘l(ffn_l) —

Vn—1. Using the behavior of the norm map under the isomorphism
s Np1 N .
EXti/l\(Nnil)(E, lndNn I(Vn)) = EXt}\(Nn)(E7 Vn)

of Shapiro’s lemma (cf. [27], Proposition 1.6.4) we obtain that the map
(20) is the composition of Extk( Ny (B wUpw) and the corestriction map

cor : Ext}\(Nn)(E, Vi1) — EXt/l\(Nn,l)(Ev V1)
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We let zg be a fixed topological generator of V,,_1 so that the elements ZE6 for
0 < i < p—1 form a set of representatives of N,,_1/N,, and acg is a topological

generator of N,. Further, we let ¥ be a non-zero element of Vnﬁ n= ‘V/;f\i !

~

Recall from above that we have isomorphisms Ext/l\( Nn)(E Vo) = (Vi) &

Vnﬁ » under which © is represented by a cocyle f with f(zh) = 0. The cocyle
cor(wUyw o f) satisfies

p—2 4
cor(wUyw o f)((l?())zz xalev(wf(xéxoxa(zH))) + wa(pfl)wUV(fwf(a:g))
i=0
= :Ua(p_l)wUV(w{;) = (0.

Here the first equality comes from the definition of the corestriction map
on the level of cochains (cf. [27], Chapter I, §5, p. 46). The second equality
follows from f(1) = 0 because f is a cocyle. The third equality follows from
the fact that Uy, is the identity on VNo = wVNo and that z," € N, acts
trivially on V,,_1. Now the image of z¢?0 in (V,—1)n,_, is the same as that
of ¥, hence is non-zero. This proves the injectivity and hence the bijectivity
of the map (20). It also completes the prove of the bijectivity of the map
S&(Ty).

Let us now analyze the long exact sequence obtained by applying the d-
functor (S¢;)i>0 to the short exact sequence

0 —s ind&, (V) 2% ind&, (V) — my — 0,

noting that Ty is injective by [3], Theorem 19. We have already seen that
S2(Tv) is injective and hence that S&(my) = 0. Further, S (my) = 0 for
1 > 2 by Theorem 5.11 and because Sé(Tv) is bijective. Therefore, the long
exact sequence simply reads

0 (i gC 5¢(Ty) co v G 1
0 —— 5¢(indg, (V) =— S¢(indg, (V) — Sg(mv) —0,

and S} (my) = coker(S&(Ty)) = coker(Ty;) = 7y, as seen above.

For the final formula 7y, = 7y ®p 5;1 note that V and V ®g 5;1 are irre-
ducible Gy-representations. Let w : Ty — E* denote the highest weight of V,
i.e. the character affording the Ty-action on VNo. There are Ty-equivariant
isomorphisms

Vo = (V) = (VY0) = () T = w,

Note that we extended the central character of V' to a character of G through
the determinant map. As a consequence, the central characters of V' and
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Vep 5;1 are both equal to 5‘}1. By the classification of the irreducible G-
representations in [3], Proposition 4, the Gy-representations Vand Vg (5‘71
are isomorphic. As a direct consequence, the operators Uy, and Uy ®p 1
correspond to each other. This implies that under the G-equivariant iso-
morphisms

ind% (V) = indg (V ®p 6,') 2 indg (V) ®p 6,

the operator Ty, corresponds to Ty ®g 1. This yields the final formula
T =y QF (5‘71 O

Remark 5.14. As recalled above, the smooth E-linear GLy(Q))-represen-
tation 7y is irreducible, admissible and supersingular. By [3], Corollary 36,
my is supercuspidal. On the other hand, Corollary 1.8, Remark 3.7 and
Theorem 5.13 show that 7y is not an injective object in Rep% (GL2(Qy)).
Once again, this phenomenon is in contrast to the theory of smooth repre-
sentations in characteristic zero (cf. [13], Theorem 5.4.1) and in more precise
form was already observed by Paskunas (cf. [29], Theorem 1.1).

Remark 5.15. In his work on the p-adic local Langlands correspondence
Colmez constructed a contragredient operation on smooth GLa(Qj)-represen-
tations with p-torsion coefficients (cf. [14], IV.4.5). Under the p-adic lo-
cal Langlands correspondence it gives rise to the usual duality operation
on (¢,I')-modules with p-torsion coefficients (cf. [14], Théoreme IV.4.15).
Our results in Proposition 5.4, Proposition 5.7 and Theorem 5.13, together
with the corresponding formulae in [14], Proposition 1V.4.18, show that
on the infinite dimensional irreducible smooth FE-linear representations of
GL2(Qp) Colmez’ contragredient coincides with the first smooth duality
functor SéL @)
2\p

References

[1] N. ABE, G. HENNIART, F. HERZIG, M.-F. VIGNERAS: A classifica-
tion of irreducible admissible mod p representations of p-adic reductive
groups, J. AMS 30 (2), 2017, pp. 495-559

[2] K. AJyiTABH, S.P. SMITH, J.J. ZHANG: Auslander-Gorenstein Rings,
Communications Algebra 26 (7), 1998, pp. 2159-2180

[3] L. BARTHEL, R. LivNE: Irreducible modular representations of GLg
of a local field, Duke Math. J. 75, No. 2, 1994, pp. 261-292

[4] J.-E. BJORK: Rings of Differential Operators, North-Holland Mathe-
matical Library 21, 1979

[5] A. BOREL: Linear Algebraic Groups, Second Edition, Graduate Texts
in Mathematics 126, Springer, 1991

50



[6]
[7]
8]

[16]

[17]

[18]

[19]

[20]

[21]

N. BourBAKI: Algébre, Chapitre X, Masson, Paris, 1980
N. BourBAKI: Algébre Commutative, Chapitre X, Springer, 2007

N. BOURBAKI: Groupes et algébres de Lie, Chapitres 2 et 3, Springer,
2006

N. BOURBAKI: Groupes et algébres de Lie, Chapitres 4 a 6, Springer,
2007

C. BREUIL: Sur quelques représentations modulaires et p-adiques de
GL2(Qp), Comp. Math. 138, 2003, pp. 165-188

A. BRUMER: Pseudocompact algebras, profinite groups and class for-
mations, J. Algebra 4, 1966, pp. 442470

C. BusuNELL, G. HENNIART: The local Langlands conjecture for
GL(2), Grundlehren Math. Wiss. 335, Springer, 2006

W. CASSELMAN: Introduction to the theory of admissible representa-
tions of p-adic reductive groups, preprint, 1995

P. CoLMEz: Représentations de GL2(Qp,) et (¢,I')-modules,
Astérisque 330, 2010, pp. 281-509

J.D. Dixon, M.P.F. pDu SauToy, A. MANN, D. SEGAL: Analytic
pro-p groups, 2nd Edition, Cambridge Studies in Advanced Mathe-
matics 61, Cambridge University Press, 2003

M. EMERTON: Locally analytic vectors in representations of locally
p-adic analytic groups, Memoirs of the AMS 248 (1175), 2017

M. EMERTON: Ordinary parts of admissible representations of p-adic
reductive groups I. Definition and first properties, Astérisque 331,
2010, pp. 355402

M. EMERTON: Ordinary parts of admissible representations of p-adic
reductive groups II. Derived functors, Astérisque 331, 2010, pp. 403—
459

P. GABRIEL: Des catégories abéliennes, Bull. Soc. Math. France 90,
1962, pp. 323448

E. GROSSE-KLONNE: On special representations of p-adic reductive
groups, Duke Math. J. 163, No. 12, 2014, pp. 2179-2216

L. GRUNENFELDER: On the homology of filtered and graded rings, J.
Pure Appl. Algebra 14, 1979, pp. 21-37

o1



22]

F. HErz1G: The classification of irreducible admissible mod p rep-
resentations of a p-adic GL,,, Invent. Math. 186, No. 2, 2011, pp.
373-434

L. HuisHi, F. vAN OYSTAEYEN: Zariskian Filtrations, K-
Monographs in Mathematics 2, Kluwer, 1996

U. JANSSEN: Iwasawa modules up to isomorphism, Advanced Studies
wn Pure Math. 17, 1989, pp. 171-207

M. LAzZARD: Groupes analytiques p-adiques, Publ. Math. IHES 26,
1965, pp. 5-219

T. Ly: Représentations de Steinberg modulo p pour un groupe réductif
sur un corps local, Pacific J. Math. 277, Vol. 2, 2015, pp. 425462

J. NEUKIRCH, A. SCHMIDT, K. WINGBERG: Cohomology of Number
Fields, Grundlehren Math. Wiss. 323, Springer, 2000

Y. OcHi, O. VENJAKOB: On the structure of Selmer groups over
p-adic Lie extensions, J. Algebraic Geom. 11(3), 2002, pp. 547-580

V. Paskunas: Extensions for supersingular representations of
GL2(Qp), Astérisque 331, 2010, pp. 317-353

P. SCHNEIDER, J. TEITELBAUM: Algebras of p-adic distributions and
admissible representations, Invent. Math. 153, 2003, pp. 145-196

P. SCHNEIDER, J. TEITELBAUM: Duality for admissible locally ana-
lytic representations, Representation Theory 9, 2005, pp. 297-326

P. SCHNEIDER, J. TEITELBAUM: U(g)-finite locally analytic repre-
sentations. With an appendix by Dipendra Prasad, Representation
Theory 5, 2001, pp. 111-128

P. SCHNEIDER, U. STUHLER: Representation theory and sheaves on
the Bruhat-Tits building, Inst. Hautes Ftudes Sci. Publ. Math. 85,
1997, pp. 97-191

T. A. SPRINGER: Some arithmetical results on semi-simple Lie alge-
bras, Publ. Math. de I'IHES 30, 1966, pp. 115-141

P. SymonDs, T. WEIGEL: Cohomology of p-adic Analytic Groups,
in New Horizons in pro-p Groups, M. DU SAUTOY, D. SEGAL, A.
SHALEV (EDITORS), Progress in Mathematics 184, Birkh&user, 2000,
pp- 349410

J. Trirs: Reductive groups over local fields, in Automorphic Forms,
Representations, and L-Functions, Proceedings Symp. Pure Math. 33,
Part 1, AMS, 1979, pp. 29-69

52



[37] O. VENJAKOB: On the structure theory of the Iwasawa algebra of a
p-adic Lie group, J. Eur. Math. Soc. 4, No. 3, 2002, pp. 272-311

[38] M.-F. VIGNERAS: Représentations £-modulaires d’un groupe réductif
p-adique avec £ # p, Progress Math. 137, Birkh&user, 1996

Universitat Duisburg-Essen

Fakultét fiir Mathematik
Thea-Leymann-Strafie 9

D-45127 Essen, Germany

E-mail address: jan.kohlhaase@uni-due.de

93



