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e After Equation (82) on page 113 of [BSV22a], it is implicitly stated that the

pairing det;; induces a perfect duality of Ay[p~!]-modules
detf; : H'(T, Dym)S" @4y (p-1) He (T, Dy ) S — Aulp™']

for each non-negative rational number /. In this generality, this is false. It is
true in the following special cases.
- h=0.

p—l

Proof. — With the notation of Section 4.3 of [BSV22a], there are Shapiro
isomorphisms of Ay [p~!]-modules (cf. Equation (87) of loco citato)

Sh, : HX(T, Dy, )0 ~ ¢’ - T, @6 Au[p~Y],

where v = (),c and T, is defined by replacing Hgt(Yl(NpT)QZp) with
H (Yi(Np")q,Z,) in the definition of T. According to Section 1.3 of

[Oht03] the pairing (cf. Equation (114) of [BSV22a])
det}, o (w;v; oSh™' @ Shgl) (€T @€ To) @ Aulp~l] — Au[p™!]

is the Ay [p~!]-linear extension of a perfect pairing €/ - T ®, €’ - T, — ©
between finite free o-modules. O

- U is (sufficiently small and) centred at an integer k > h + 2.
Proof. — Set r =k —2 >0, set L, = L,(Z,), set £, = L, and let
dety 5 : Hi(Yq, 2) ®z, He (Yo, £4) — Zy

ét,c
be the morphism arising from the pairing det; : L, ®z, L, — Z, defined
by det’(p®v) = p@v ((x1y2 — x2y1)") for all g and v in L, (cf. page 96 of
[BSV22a]). The Q,-linear extension of det? is perfect, hence (by Poincaré
duality) so is det;'f)zp ®z, L. The latter induces a perfect pairing

det} : HY(Yq., 2);" @1, H}

ét,c

(Yo 25" — L,
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where M " = (M ®z, L)S" (cf. Section 4.1.4 of [BSV22al). Proposition
4.2 and Equation (73) of [BSV22a] give isomorphisms

0~ HY(T, Dy, )S" @y L~ HY(T, D;,,)S" ~ H}, (Yq. 2)5 ",

ét,y
where v = (),¢, - = (0,7 and M ®; L denotes the base change of M along
evaluation at k on Ay. (The assumption h < k—1 is used here to guarantee

that the comparison morphisms H!(T,D;.,,) — Hj ,(Yq,<)r induce

isomorphisms on the slope <'h parts.) By construction
dety; @y L = det; o o ® 0}, .,

hence the specialisation det]; ®j L of det]; at weight k is a perfect pair-
ing. Shrinking U if necessary, this implies that the finite Ay [p~!]-modules
HI(T, Dijym)gh are free, and that dety; is perfect. O

In Section 4.2 of [BSV22al, the morphisms (i m,; iy, Su,n and sg;, are
then defined assuming either h = 0 or U centred at an integer k > h + 2.
The rest of the paper and its sequel [BSV22b] (where h = 0) are unaffected.

e In the line before Equation (92), isomorphisms should be isomorphism. The
full stop after the isomorphism displayed in Equation (92) should be a comma.

e In the second line of Remark 4.4, h < k, — 2 should be h < k, — 1.
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