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1 Introduction

If M is a smooth manifold, one introduces the de Rham cohomology of M, which is an
important geometrical invariant of M. It is defined as the quotient

ker(d)

im(d)’

where d denotes the exterior derivative on the space of smooth differential forms on M
with values in some vector space E over the real or complex numbers.

In the case of a complex manifold X, there is an almost complex structure on the tangent
bundle of X. Hence every differential form of degree k splits uniquely into a sum of forms
of degree (p,q), where p+q = k.

Since the almost complex structure on a complex manifold is integrable, the exterior
derivative splits into a sum

HdR(Mv E) =

d=0+0,

where 0 and 0 denote the Dolbeault operator and the conjugate Dolbeault operator (see
[Wel08]). They satisfy

Dod=000=000+000=0.

So, in addition to the de Rham cohomology, we can consider the so-called Dolbeault
cohomologies of X, which are defined to be
ker(0) ker(9)
H5(X,F) = - d Ho(X,F) = .
ol X, B) =1 ) d Ho(XB) =10

While complex conjugation induces an isomorphism between the two Dolbeault coho-
mologies, in general, there is no natural map between Hqg (M, E) and Hz(M, E). But,
one can introduce two cohomologies of X, which connect the de Rham and the Dolbeault
cohomology. The first one is the Bott-Chern cohomology [BC65|, defined as

_ ker(9) N ker(0)

Hpo(X e
no(X) im(90)
and the other one is the Aeppli cohomology [Aep65]|, which is set to be
ker (00
Ha(X) = —er@9)

im(9) + im(9)
The connection that they provide is expressed in the following commutative diagram of
(bi-)graded complex vector spaces

Hpc(X)

R

Hz(X) Har (X) Hy(X) ,

~ 7

Ha (X)



where the maps are all induced by the identity on the space of differential forms on X.
The natural question arises whether the maps in the diagram are injective or surjective.
It turns out that in general neither of them is. If X is compact, one knows that all
of the above cohomologies are finite-dimensional. Even in this case, no injectivity or
surjectivity is guaranteed.

The map from Bott-Chern to the de Rham cohomology is injective if and only if every
form which is exact with respect to 8 and 0 and closed with respect to d is d0-exact.
Manifolds that fulfil this property are said to satisfy the 9-Lemma [Ang14]. P. Deligne,
Ph. A. Griffiths, J. Morgan, and D. P. Sullivan proved in [DGMS75| that this is the
case for compact Kéahler manifolds. They also proved that all maps are isomorphisms
whenever X satisfies the 00-Lemma. In section 3 we will further investigate the relation
of the injectivity and surjectivity of the maps in the above diagram. Special attention
will be given to the case, where the diagram is restricted to one degree.

Another connection between the Dolbeault and the de Rham cohomology is the Frolicher
spectral sequence. It is a spectral sequence whose first sheet is isomorphic to the Dol-
beault cohomology and which abuts to the de Rham cohomology. This spectral sequence
yields the Frolicher inequality for compact complex manifolds [Fr655]

dime Hip (X) < ) dime HY?(X) < oo.
p+a=Fk

Also, the spectral sequence degenerates at the first sheet if and only if equality holds in
the Frolicher inequality.

In [DGMS75] it was proved that a complex manifold satisfies the d9-Lemma if and only
if the Frolicher spectral sequence degenerates at sheet 1 and, in addition, the natural
filtration on the space of differential forms induces some Hodge structure on the de
Rham cohomology. In section 4 we will recall this result and its proof.

The question arises what happens if the 99-Lemma holds only in one degree. This means,
we will fix an integer k£ such that every differential form of degree k that is exact with
respect to @ and 0 and closed with respect to d is 00-exact. In section 5 we will see an
equivalent formulation of this property in terms of the Frolicher spectral sequence and
the filtration on the de Rham cohomology. The last section will give some applications
of this theorem.

We will state and prove everything in an abstract homological setting. The statements
about complex manifolds will be simple corollaries of their homological versions. For
this purpose, section 2 will introduce the homological concepts we will need. We will
explain the basics of the theory of complexes and their cohomologies as well as spectral
sequences.



2 Definitions

2.1 Complexes and cohomologies

In this section we introduce the basic notions in cohomology of complexes. For more
details we refer to [Wei95] and [Bou98|.

2.1.1 Complexes

If M is a smooth manifold, we can consider the space A*(M) of complex valued smooth
differential forms of degree k on M. On this space we have the exterior derivative

db . AR (M) — AMTH (M)

satisfying d*T! o d* = 0. Thanks to this property one can introduce the de Rham coho-
mology HA, (M) of M, which is defined to be

HER (M) = ker(d¥)/im(dF71).

This notion, of course, can be viewed in a more general context, which leads to the notion
of a cochain complex of vector spaces and its cohomology.

Definition 2.1 (Complex). A cochain complex or simple complex (K; d) of vector spaces
over a field F' is a Z-graded vector space

K:@K”

neL

together with a linear map
d: K - K
satisfying d od = 0, which is homogeneous of degree one. That is,
d" =d|gn: K" - K"t
is a linear map for every n € Z. We call d the differential of K.

Let (K;d) be a cochain complex. We denote the image of d by B, Bq or B4(K) and
call its elements exact. Similarly, the kernel of d is denoted by Z, Zq or Z4q(K) and the
elements in the kernel are called closed. Since dod = 0, every exact element is closed.
This leads to the following definition.

Definition 2.2 (Cohomology of a complex). Let (K;d) be a cochain complex. We set
the cohomology of (K;d) to be

Ho(K) = Zq /Bq.



Since d is a homogeneous homomorphism, we have
725 =73(K) =ker(d) N K™ = ker(d")
and
" =BYK) =im(d) N K" =im(d" ).

This defines a grading on Hq(K') by

Ha(K) = P HI(K),

neL

where H} (K) = Z}(K)/ B3 (K).

2.1.2 Double complexes

Let X be a complex manifold. Then every smooth k-form can be decomposed uniquely
into a sum of forms of degree (p, q), where p + ¢ = k. We have

ANX) = @ AP(X).
ptq=k
Also, the exterior derivative splits into two parts
d¥ = 9% + oF,

where

Pl = 0| gpa(xy + API(X) — APTHI(X)
and

T = 0| gpa(xy 1 API(X) — APIH(X).

The maps 9 and 0 are the so-called Dolbeault operators. They satisfy 9od = 0, 9o = 0
and Jo0+000 = 0. So, we can define several cohomology vector spaces as the Dolbeault,
Bott-Chern and Aeppli cohomology. As before, we want to introduce these concepts in
a more general setting.

Definition 2.3 (Double complex). A double complex (K;3,d) of vector spaces over a
field is a Z-bigraded vector space

K = @ KP4
(p.q)€Z?

together with two linear maps

0:K—>Kandd: K > K



satisfying

000 =0,
Dod =0,
Dod+do0d=0,

which are homogeneous of degree (1,0) and (0, 1), respectively. That is,
0P = 0| kp.a - KP4y KPtla
and

P4 = 0| g : KPP — KPpatl

are linear maps for each (p, q) € Z>2.
We say a double complex is bounded if there are integers a < b such that KP? = 0
whenever p > b, ¢ > b, p<aorq<a.

Let (K;0,0) be a double complex. By setting d = d + 0 and

n _ @ KP4,

p+g=n

we get a cochain complex, called the associated simple complex of (K;0, 5). Indeed, by
linearity of 0 and 0,

and for x, = Zpg € K™ we have

Z d(wp,q)

P+q=n

ptg=n
= Z I(wp,q) + Z 5(37p,q)=
p+q=n pt+q=n

which is indeed an element of K11,
For n € Z we also set

= O|gn : K™ — K" and 9" = |gn : K™ — K",

As in the case of a simple complex, one sets By = By(K) = im(0) and By = B5(K) =
im(9) as well as Zg = Zy(K) = ker(d) and Zg = Z5(K) = ker(d). We define the
cohomologies by

Ho(K) =Zsy / Bs



and
Hs(K) =75/ By

and call the first one the conjugate Dolbeault cohomology and the second one the Dol-
beault cohomology of (K;0,0).

Also, we will also use the notations

B% = B4(K) =im(9) N K" = im 9" !,
BY? = BYY(K) = im(9) N KP9 = im o” La
75 =7%(K) = ker(9) N K™ = ker 9",
7259 = 709 (K) = ker(9) N K9 = ker 971

which define (bi-)gradings on Hy(K') and H5(K), respectively.

If no confusion can arise, we will always write ), , for the component of an element x € K
in KP? and x,, for the component in K™.

In the case of a complex manifold complex conjugation induces an isomorphism between
its Dolbeault cohomology in some degree (p, ¢q) and its conjugate Dolbeault cohomology
in degree (q,p). However, there is no natural map between the Dolbeault and the de
Rham cohomology.

Also in the case of an arbitrary double complex there are no natural maps between
the introduced cohomologies at all. To get a connection between them we define the
Bott-Chern and the Aeppli cohomology of a double complex as for complex manifolds.

Definition 2.4 (Bott-Chern cohomology and Aeppli cohomology). Let (K;d,0) be a
double complex. The Bott-Chern cohomology is the vector space

Hypo (K) = ker(iarzl(r:ag(;r(a).

The Aeppli cohomology is the vector space

Ho(K) = - ker(aé) -
im(0) + im(0)
One easily checks that the defined quotients make sense. Furthermore, we define Hj(K),
HRL(K), HE (K) and HY?(K) as in the case of the Dolbeault cohomologies.
The next statement explains how the Bott-Chern and the Aeppli cohomology connect
the Dolbeault cohomologies.



Proposition 2.5. Let (K;d,0) be a double complex. The identity on K induces the
following commutative diagram

Hpc(K)
¥BC -9 ka
H;(K) Hy(K) (1)
P5—A Po—A
Ha (K)

Proof. To show that the maps are well-defined we have to show that each, the denomi-
nator and numerator, of the left side is contained in the one of the right side. But this
is obvious for all four maps. The commutativity is clear, since all maps are induced by
the identity. ]

In the same manner the identity on K™ or KP? induces maps between the (bi-)graded
cohomologies as in diagram (1). For instance, ¢f _, will denote the map from Hj(K)
to H5(K). Furthermore we set

PBC—A = Pog—A O PBC -9 = Pj—_A © PBC -5

Also the cohomology of the associated simple complex can be fitted in this diagram and
hence be connected with the other cohomologies of the double complex.

Proposition 2.6. Let (K;0,0) be a double complex and (K;d) its associated simple
complex. The identity on K induces linear maps

1. YBC—-d : HBc(K) — Hd(K),
2. ©d—A - Hd(K) — HA(K)

These maps extend diagram (1) to the commutative diagram

Hpc(K)
¥BC -8 \L‘PBCX(PB\C(?
H5(K) Ha(K) Hy(K) (2)
Po_A J/%A Po—A
Ha(K)



This shows = € im(d) so the map yppc _q exists.
Now let = € ker(d). Then we can write z = )
homogeneous homomorphism, we have

nez Tn With @, € K". Since d is a

d(z,) =0
for all n € Z. For fixed n € Z we can write
Ty = Z Zp.q-
ptg=n
Introducing x_1 41 = 0 and x,,11,—1 = 0 in K™ we get
0=d(z,)
= Z A(wp,q) +5(xp7q)

pHa=n (3)

- Z N apg—1) + O(p-1,q)-

ptg=n+1

But we always have

I(wp,g-1) + O(zp-1,4) € K,
and because
Kntl — EB KP4,
pg=n+1
every summand in equation (3) is zero. We deduce that for p+¢=n+1
8(5(@,7(1,1)) = 8(5(331)#171) + 0(2p-1,))
=0(0)
=0.

But this means that for arbitrary p and ¢
Tpq—1 € ker(00),
hence also
r € ker(00),

which had to be shown.
The last thing which has to be checked is that im(d) +im(d) contains im(d). This clearly
holds, since

d(y) = d(y) + 9(y) € im(9) +im(9)

for y € K arbitrary. This shows the existence of the map ¢q_ .
The commutativity of the diagram follows again, because all maps are induced by the
identity on K. O



Note that this diagram can be restricted to subquotients of K™ instead of K.

The natural question arises if the maps in diagram (2) are injective or surjective. The
answer is that for an arbitrary double complex this has not to be the case. In section 3
we will discuss this question in greater detail.

2.2 Spectral sequences

Let X be a complex manifold. If X is compact, one has the Frolicher inequality

which gives a relation between the dimensions of the Dolbeault cohomology and the de
Rham cohomology of X ([Fro55]).

The Frolicher inequality can be proved using the so-called Froélicher spectral sequence.
In this section we introduce spectral sequences in general and pay special attention to
spectral sequences associated to a filtered complex. The main example will be the natural
filtration(s) of a double complex. For a deeper discussion of this topic we refer to [GH14|
and [Wei95].

Definition 2.7 (Spectral sequence). A spectral sequence is a sequence (E,;d,)r>o of
Z-bigraded vector spaces

E, =P EP",

P
together with maps d?9 : BP9 — EPTM" gatisfying dP+™9-"+1 6 4P = 0 such that

ker(dP:9)

P,q _ 1gpP.q —
E’“'H - Hdr (Er) = im(dgﬂkr,ﬁr*l)‘

If there is 79 > 0 such that E,, = E, ;11 = ..., we say that the spectral sequence
degenerates at E,, or at sheet 7o and write Eo, for this limit term. Note that the
degeneration at sheet ry is equivalent to the maps d?? being the zero map whenever
r>ro.

Note that a spectreal sequence degenerates at sheet rg if and only if d?? = 0 for all (p, q)
and r > 1.

One example of a spectral sequence is the spectral sequence that is induced by a so-called
filtration of a cochain complex.

Definition 2.8 (Filtered complex). Let (K;d) be a cochain complex. A filtration of
(K;d) is a sequence of subcomplexes FP(K) C K, p € Z such that FP(K) C FP~Y(K)
for all p, N, FP(K) =0, U, FP(K) = K and d(F?(K)) C FP(K).

The associated graded complex is

G(K) = PG (K),

PEZL



where
GP(K) = FP(K)/FP'H(K).
This filtration on K induces a filtration on the cohomology HJ}(K) by

FP(K™) Nker(d)
Fr(K™)Nim(d)

FPH3(K) =
We sometimes say that (K;d) is a filtered complex.
From now on we will always assume that the filtration is finite.

Definition 2.9. We say the differential is strictly compatible with the filtration or strict
relative to the filtration if for all p we have

d(FP(K)) =im(d) N FP(K)
or equivalently
d(FP(K™ 1)) = im(d" 1) N FP(K™)
for all p and n.

We can assign a spectral sequence to a filtered complex in the following way.

Proposition 2.10. Let (K;d) be a complex together with a filtration F'. Then there
exists a spectral sequence (Ey;d,),>o with

B} = FP (K /FPH (7).
EPT = B9GP (K)),
BRI = GP(HE9(K)).
Remark 2.11. We say that the spectral sequence abuts to Hq(K).

Proof. For the proof see [GH14] and [Wei95]. We here just note that the terms for EX?
are given by
o FP(KP+9) N dfl(Fp+r(Kp+q+l))
r (FPHL(Kp+a—1) 4 d(Fp—r+1(Kpta—1))) 0 (FP(KPTa) N d_l(Fp+r(Kp+q+1)))

and d, is the map that is induced by d on the quotients. O

In our case we will have a double complex (K;d,d) with two filtrations defined to be

FPK") = D K (4)
r+s=n
r>p

"FUE") = @ K. (5)
r4+s=n
29

10



This induces two spectral sequences, which are denoted by ('E,;’d,) and ("E,;"d,),

respectively. Their terms are the following.

/Eg:q — //Egyp = KP4
' dBe = P
" d;g,q — gpa
'EPY = H2Y(K)
"EPY = HYP(K)
BRI = FP(H™(K))/FPH (HET(K))

Again, we refer to [GH14] and [Wei95] for more details.
In the case of a complex manifold and its double complex, one has that

"FIANX) = P AT(X) = P AT(X) ="Fa(AN(X)).

r4+s=n r4+s=n
s2q s2q

—~ o~ —~
o N O

Nej
NN N NI A N

It follows that also the two induced spectral sequences and the filtrations on the coho-

mology are conjugate to each other

In this context the spectral sequence induced by 'F is called the Frolicher spectral se-

quence.

11



3 The 99-Lemma

In this section we wish to investigate the injectivity and surjectivity of the maps in
diagram (2). In general, none of the maps has to be injective or surjective. Even if the
double complex is the double complex of a complex manifold, no injectivity or surjectivity
is guaranteed. The injectivity of the map ¢pc _ 4 is encoded in the so-called 90-Lemma.
P. Deligne, Ph. A. Griffiths, J. Morgan, and D. P. Sullivan stated in [DGMS75| that this
injectivity has strong connections to the injectivity and surjectivity of the other maps in
diagram (2). They stated that if ppc_ 4 is injective, then automatically all maps in this
diagram are isomorphisms. In this section we will see what the injectivity of o _ 4 for
some integer n means for the injectivity and surjectivity of the other maps between the
cohomology spaces.

The next proposition gives equivalent formulations of the injectivity of 3. _ 4.

Theorem 3.1. Let (K;0,0) be a double complex and (K;d) its associated simple com-
plex. Let n € Z. Then the following conditions are equivalent.

(1) vhc_q: Hic(K) — HY(K) is injective.
(2) ¥Bc_p : Hpo(K) — HG(K) and ¢, 5: Hpo(K) — H3(K) are injective.
(3) ¢Bie_ A He(K) — HR(K) is injective.
(1) =Y HYH(K) — HY (K is surjective.
(2%) @i+ H7H(K) = HY(K) and @3~} : HE71(K) — H}!(K) are surjective.
(3%) ppat A Hpo (K) — HY H(K) is surjective.
To prove theorem 3.1 we will use the following theorem.

Theorem 3.2. Let (K;0,0) be a double complex and (K;d) its associated simple com-
plex. Let n € Z. Then the following conditions are equivalent.

™) Nker(9") Nim(d" 1) = im(9"~19""2) C K™

ker(0™) Nim(0"~1) = im(9"~19"~2) C K" and
ker(0™) Nim(0" 1) = im (9"~ 19" 2) C K"

") Nker(9™) N (im(0"~1) +im(9"71)) = im(9" 19" 2) C K"
(1%) im(0"~2) + im(9" 2
(2%) @

(ii
(3*%) im(0"~2) + im(9" 2

+ ker(d" 1) = ker(0m0" 1) € K1

im(0"~2) + ker
im(0"~2) + ker

O 1) = ker(9"9" 1) € K" ! and

)
) _n—l) — ker(anén—l) C Kn—l

~— Y~ N

(ker(9"1) N ker(8" 1)) = ker(9"0" 1) C K™!

12



Proof. In the first three statements the inclusion D is always true for double complexes.
In the last three statements the inclusion C always holds. So, we only have to check the
other inclusions.

(1) = (2): To show that (1) implies (2)(i), let x € ker(9") Nim(0"~!). Then there is
y € K" 1 with 9(y) = z. Now fix (p,q) € Z* with p + ¢ = n. The (p, ¢)-component z,,,
of z satisfies d(zp4) = 0 € KP4 and z,,, = 0(yp—1,4). Now consider d(y,—1,4) € K™
We have

and

a(d(yp—l,q)) = 5(8(%7—1,11) + é(yp—l,q))
= é(a(yp—l,q))
0.

By (1), this implies d(y,_1,4) € ker(9") Nker(9™) N im(d" 1) = im(9"~19"?). So there
is 2 € K" 2 with 9(9(2)) = d(yp-1,4). Hence 9(9(2p-1,4-1)) is the (p, g)-component of
d(yp—1,4), which is x, 4. Since, by this, z,, € im(8" 19" 2) whenever p + ¢ = n, also

x = Z T4 € iM(O"1O"2).
ptg=n

Analogously one shows that (1) implies (2)(ii).
(2) = (3): Let = € ker(0") Nker(9") N (im (0"~ !) +im (9" 1)). Hence, there are y, z €
K" 1 with = 9(y) + 9(z). Then

9(d(y)) = d(x — 0(2)) = 0.

Hence d(y) € ker(9™) Nim(0"1) = im(0"~19"2) by (2)(i). Similarly, by (2)(ii), (z) €
ker(0™) Nim(0"~!) = im(0"~19"~2). This implies

z=0(y) +0(z) € im(8" 19" ?).
(3) = (1): Since d = 9 + 9, we always have im(d) C im(9) + im(d). Hence,
ker(9™) Nker(9™) Nim(d" ') C ker(9™) Nker(9") N (im(9" 1) +im(5" 1))
=im(9" 19" ?),
by (3). _ _ _
(2) = (2%): Let o € ker(9"0"!). Then d(x) € ker(9") Nim(9"1). By (2)(ii), there is
y € K"2, which satisfies 9(z) = 9(d(y)). This yields
(y)) + (—=0(y)) € ker(0"™1) + im(9"2),

13



since d(z + A(y)) = d(z) — d(d(y)) = 0. This shows (2*)(i) and (2*)(ii) works similarly.
(2*) = (2): Let x € ker(9") Nim(0" 1) and y € K"~ ! such that d(y) = x. Then
y € ker(0"0"1). By (2%)(i), y € im(0"2) + ker(9""1). Then there are z € K"~2 and
w € ker(0"~!) such that y = 8( ) +w. Hence

= d(y) = 9(3(2)) € im(2" "),

which shows (2)(i). Equation (2)(ii) can be proved analogously.

(1*) = (2%): Let x € K" ! satisfying 9(d(x)) = 0. Now fix (p, q) € Z? with p+q =n—1.
The (p, g)-component z,,, of z satisfies 3(0(z,4)) = 0 € KPT14TL Then, by (1*), we
can write

Tpq = 0(y) +0(2) +w

where y € KP4, 5 ¢ KP9~1 and w € ker(d"1). Note that, by this, d(w) = 0 € KP+14
and O(w) = 0 € KP4, It follows that

Tpq = O0(y) + (0(2) +w) € im(9"?) + ker(9" ).
and
Tpg = (0(y) +w) + d(z) € im(é”_2) + ker(@”_l),

which yields equations (2*)(i) and (2%)(ii).

(2%) = (3%): Let x € K" ! satisfying 9(0(x)) = 0. Then, by (2*)(ii), we can write
r=0(a)+bwitha € K" 2 and b € ker(0"1). Since ker(0"!) C ker(9"9" '), we may
write b = 9(y) + z with y € K" 2 and z € ker(0"!), by equation (2*)(i). Then also
0(z) = (b — O(y)) = 0. This shows that

2 = 0(a) + Bly) + = € In(0"2) + (@) + (ker(9"") N eer(5"))

which we wanted to show. -
(3*) = (1*): Since d = 9 + 0, we always have ker(9) Nker(9) C ker(d). So

ker(9"0" 1) = im(0"?) +1im(9" %) + (ker(0" 1) Nker(9" 1))
< im(an_Q) + im(gn_Q) + ker(d"™1),

which proves the claim. ]
We can easily prove theorem 3.1 now.

Proof (of theorem 3.1). For the proof we note what the statements mean in terms of

14



kernels and images.

n

ORo_ 4 injective & ker(9™) Nker(9") Nim(d" 1) = im(9" 19" ~2)
Nim(9" 1) = im(9" 19" ?)
N
N

im(0" ") = im (919" 2)

(
YBc_p injective < ker(d o™

(

(0™ Nker(d™) N (im(9" 1) +im(9" ")) = im (9"~ 19" %)

)
)
Yo _p injective < ker(0")
)

Ypc_a injective < ker(0"

n—1

0 A surjective < im(9"2) +im(9"2) + ker(d" 1) = ker(9"0" 1)

)+
@n~\  surjective & im(9"?) + ker(0" ') = ker(9"9" 1)

)

)+

surjective < im(0"?) + ker(9" ') = ker(9"9" 1)

ne
Yo-A
Qo A surjective < im(0"

(
(0
(
( +1im (0" ?) + (ker(0" 1) Nker(9" 1)) = ker(9"9" 1)

Now theorem 3.2 yields the claim. O

If one of the properties of theorem 3.2 is satisfied, then we say that the double complex
satisfies the 0-Lemma in degree n.

If one property is fulfilled for all n, the double complex is said to satisfy the 0-Lemma.
Similarly, we say a complex manifold X satisfies the d0-Lemma (in degree n) if its
associated double complex does.

Besides these equivalences, we have several other consequences of satisfying the 90-
Lemma, which we state in the following proposition. But first we will give a lemma
which will be helpful for its proof.

Lemma 3.3. Let X be a vector space over some field and U, V, W C X linear subspaces
such that U CV. Then VN (U +W) CU+ (VnW).

Proof. Let x € VN (U + W). Then we may write z = u + w with v € U und w € W.
This means w = z — uw € V. Since, by assumption, already w € W, this shows that
reU+ (VNnW). O

Proposition 3.4. Let n € Z and suppose that the double complex satisfies the 90-
Lemma in degree n. Then

1. all maps in diagram (2) are injective in degree n and
2. all maps in diagram (2) are surjective in degree n — 1.

Proof. Theorem 3.1 yields the injectivity of the maps with domain H{-(K) and the
surjectivity of the maps that have Hzfl(K ) as codomain.
We start by showing that cpgal_ q 18 surjective. We have to check that

ker(d"™1) = im(d""2) + (ker(8" 1) Nker(9"1)).

The inclusion from right to left is obvious. For the other inclusion let x € ker(d"™1).
Then
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and hence
d(z) € ker(9™) Nim(0™ ).
By equation (2)(i), we have d(z) € im(9"19"~2). So let a € K"~ 2 such that
9(9(a)) = 9(x). (12)

Then also

Hence, we can write
z =d(a) + (x — d(a))
with o — d(a) € ker(0" ') Nker(0"~!). Indeed
d(z — d(a)) = d(z — 9(a)) — 0((a)) =0
by equation (12) and also

d(z —d(a))

(z — d(a)) — 9z — d(a))

(z) — d(d(a))

I
o A

Now we want to prove that cpgal_ o is surjective. This map is surjective if and only if
ker(0" 1) = (ker(0" 1) Nker(9" 1)) +im(9"2).
The inclusion from right to left always holds. Furthermore

ker(9"™!) = ker(9" ™) Nker(9"9" 1)
= ker(9"71) N (im(8"2) N ker(9" 1))
C im (9" %) + (ker(9" 1) Nker(9" 1)),

where we use equation (2*)(ii) in the second line and lemma 3.3 in the third one. The

surjectivity of gogal_ 5 s proved analogously.

Next, we want to show that ¢} _ , is injective, that is
im(d" 1) = (im(0" 1) +im(9" 1)) N ker(d™).

The inclusion C is clear. So let z € ker(d") N (im(0"~1) +im(9"1)). Let a,b € K™}
such that

z = 0(a) + O(b).
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Then b — a € ker(9"9" 1), because

X

)

9(a) + ( ))
(
0

I
o A

0(a)) +0(0(b))
b— ))

By equation (2%)(ii), z € im(9"2)+ker(9"!). So there are r € K" 2 and s € ker(9"!)
such that

0
0

(
(
(
@

b—a=0(r)+s
We infer that
x = d(a) + 9(b)
=0(a) +9(a) + A(b— a)
=d(a) +9(d(r) + s)
=d(a) + 0(0(r))
— d(a+0(r)),

which is an element of im(d"™1).

The last thing we have to check is that im(9"!) = ker(9") N (im(0"~1) + im(0" 1)),
which yields the injectivity of ¢, and, by analogy, the injectivity of ¢ ,. Again, the
inclusion from left to right is clear. For the other inlusion we compute, using lemma 3.3
and equation (2)(ii),

ker(9") N (im(8" 1) +im(9" ™)) C im(9" ) + (ker(9") Nim(9" 1))

= im(8"1) + im (9" 1" 2)
= im(8"Y),

which finishes the proof. O

One gets several easy corollaries from this if one assumes that the 99-Lemma holds in
several degrees. For instance, we get the following statement from [DGMS75] easily.

Corollary 3.5. If a double complex satisfies the 00-Lemma, then all maps in diagram
(2) are isomorphisms.
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4 The 00-Lemma and the Frolicher spectral sequence

In this section we want to recall the result from [DGMST75] that satisfying the 99-Lemma
is equivalent to the degeneration of the Frolicher spectral sequence at the first sheet and
the fact that the two induced filtrations on the cohomology are n-opposite. We will
improve this statement in section 5. For the proof of this theorem we will need the
following proposition.

Proposition 4.1. Let (K;d) be a cochain complex with a filtration F'. Then the fol-
lowing are equivalent.

1. The corresponding spectral sequence degenerates at Fj.
2. The differential d is strictly compatible with the filtration.

Proof. We refer to [Del72]. In section 5 we will prove a stronger, degreewise version of
this result. O

Theorem 4.2. Let (K;0,0) be a bounded double complex and (K;d) its associated
simple complex. Then the following conditions are equivalent.

(1) (K;0,0) satisfies the 99-Lemma.

(2) The double complex is a possibly infinite sum of double complexes of the following
types:
(o) There is a pair (r,s) such that KP4 = 0 if (p,q) # (r,s), and d = 9 = 0.
(8) Complexes which are a square of isomorphisms. This means that there is a

pair (7, s) such that K77 = 0if (p,q) ¢ {(r,s), (r+1,s),(r,s+1),(r+1,s+1)}
and

Kr,erl grstl Kr+1,s+1

—_
~

57‘,5T§ gTér-&-l,s

KT8 Kr—l—l,s
ors

is a square of isomorphisms.

(3) The two spectral sequences induced by 'F(K) and "F(K) (cf. (4) and (5)) degen-
erate both at sheet 1 and the two induced filtrations on H}j(K') are n-opposite, that
is

'FP(HG(K)) © "FI(Hi(K)) = Hj (K)

form=p+q-—1.
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Proof. We will prove the equivalence of statements (1) and (3) later as a degreewise
result, which gives this as an easy corollary. Nevertheless, we give the complete proof
from [DGMS75| here. On the one hand because we have the decomposition property (2),
and on the other hand the later proof of (3) = (1) is motivated by this one.

(1) = (2): Let (r,s) € Z* and S™° C K™* be such that

§75 @ ker(975T1975) = K7,
and T7* C ker(9™*) Nker(9™*) such that
T @ im(0" 49" 1*71) = ker(9"™*) Nker(9™*) C ker(9™5T19™*).
By corollary 3.5, the map ¢g¢, _ 5 is an isomorphism. This yields that
T @ (im (9" %) +im(9™* 1)) = ker(9™*19"*).

So we get the three following properties

(a) K™ = 8™ & T @ (im(8"~ 1) + im(§"1)),

(b) 0™(T™*) = 0 = 9P9(T™*) and

(€) 5™ M ker(9rs+1am) = 0,

which hold for all (r,s) € Z2.
Now fix (p,q) € Z. Then equation (a) applied first for (r,s) = (p — 1,¢) and then for

(r,s) =(p—1,qg—1) yields
im(9P~19) = 9(KP~19)
(SP~H4 4 TP~H4 4 im (9P~ 29) + im (9P~ 17 h))
O(SPH1) + D(TP 1) + D(O(K? 1))+
(o(SP~ha~l p pp=laml iy (9P~ 2971y 4 im (9P~ 172)))
= 9(SP~19) + 9(a(sP~Hahy).

In the same way we get
im(9P4~1) = 9(SP1 1Y) 4 9(a(SsPHahy).
So going back to equation (a) for (r,s) = (p,q), we see
KP1 = §P9 q TPY @ (3(519—1«1) +9(SP171) 4+ 9(d(SP~ L hy)).

Now we want to show that the sum in parentheses is in fact a direct sum. So, suppose
there are a € P14, b € P4~ and ¢ € SP~14~1 such that

d(a) + 8(b) + (d(c)) = 0.
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Applying 0 and 0 to this equation yields
0=9(9(b)) and 0 = 9(I(a)).

But by (c), this shows @ = b = 0. This implies d(d(c)) = 0, which again, by (c), yields
that ¢ = 0. Hence we get

KP? = TP g P @ d(SP~19) @ 9(SPI~1) @ ((sP~ 117 1)). (13)

If we now define for each (p, ¢) the double complexes L, , as

0 0
0 —— 0(SP4) —= 9(A(SP7)) —=0
0 SP4 o(SP1) ——0
0 0
and M, , as
(/E
0 TP 0

then we get, by equation (13), that
K= @ Lpg® @ Mp.q,
g P

where M, , is of type (a) and L, , of type (B).
(2) = (3): It is enough to prove the claim for double complexes that have one of the
types (a) or (/). So, first consider the double complex
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for some (p,q) € Z. Then, by equation (6), we have
IE71",S — HgS(K) — O (Tu S) 7£ (p7 Q)
KPt (r,s) = (p,q).
It follows that
By = My (B =B}

for all (r,s) € Z*. This shows by induction that the spectral sequence degenerates at
'Ey. In the same way one shows that the other spectral sequence degenerates at " E;.
Now we want to show that the filtrations on the cohomology are n-opposite. In our case
B™ is zero for all n € Z, so

'FTHR(K)= @ K nz"
a+b=m
a>r

and
"FPHP(K)= @ K“'nz™
e
forall ,se Nand m € Z. If now m =7+ s —1# p+ q, then
Hi' (K) =0,
since Z™ C K™ = 0 here. Hence
'FTH}NK) @ "FHY(K) = HJY(K).
Ifm=r+s+1=p+gq, then

'FTH(K)+"F*H(K)=( € K**nz™)+( @ K**nz™)

a+b=m a+b=m
a>r b>s
=(Ep K**nzm+( P K**nz™)
a+b=m a+b=m
a>r a<r—1
= ( @ K% KPY) 4 ( @ K%b ) KPa)
a+b=m a+b=m
a>r a<r—1
— KPa
= Hg'(K).
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Furthermore,

'FTHP(K)N"F*HPK)=( @ E*nz™)n( @ K**nz™)

a+b=m a+b=m
a>r b>s
=(P K*nz")n( P K**nz™)
a+b=m a+b=m
a>r a<r—1
a+b=m a+b=m
a>r a<r—1
which proves the claim in case ().
Now consider the double complex
0 0

0— > Kpatl = gptlatl

which is of type (f). Here we have that

BT =W (K)
"B} = Hy'(K)

0,
0

for all (r,s) € Z*. It follows that both spectral sequences degenerate at the first sheet.
Now we will show for all n that H}(K) = 0. Hence the filtration will be n-opposite in
case (). For this purpose, let n € Z. If n ¢ {p+q,p+q+ 1,p+ ¢+ 2}, this is obvious,

since K™ is trivial. For x € ZPT4 C KP4 we have

0 =d(z) = d(z) + ().

But this is a bidegree decomposition in degree p + ¢ + 1, since z is of pure bidegree. So
d(x) = d(x) = 0. With the injectivity of 9 and 0 it follows that x = 0 and in particular

HETY(K) = 7Pt | BPT = 0,

Now we choose z € ZPT9+L We can write z = x + y with € KPt19 and y € KPa+l,
Since 9P7 and 0P4 are both surjective, there are a,b € KP¢ satisfying d(a) = z and
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0(b) = y. We compute

0= dp+q+1($ + y)

= Pt (g) + 3p,q+1(y>

— 5p+1,q(5p,q(a)) + ap,q+1(5p7q(b))

— ngrl,q(ap,q(a —b)).
Since 977 and 9PT14 are injective, it follows that a = b and hence z = d(a). We infer
that ZPtat!l = BP9+l which proves the claim in this case.
Now take z € ZPT4t2 C grtlatl By surjectivity of oP9t1 there is @ € KP4t such
that z = d(a). But then also x = d(a), because 9”91 = (0. This finishes the case of
Hp+q+2(K)

0 :

Hence Hyq(K) = 0, so the filtrations are n-opposite.
(3) = (1): Let (p,q) € Z*. We want to show that equation (2)(i) in theorem 3.2 holds

in degree n = p + ¢. For this assume z € ker(9P) Nim(0P~1%). We have to prove that
x € im (9P~ 149P~1a=1) . Since im(9P~19) C ker(9P9), it follows that

x € ker(979) Nker(977) C ker(dPt?).

Now we choose y € KP~19 such that = d(y). Then the class of z in Hq(K) is the same
as the class of

z—d(y) = —0(y)-
But, by assumption, the filtration on H}(K) is n-opposite, that is
'FPHY(K)) @ "FTHH(K)) = Hi(K).

But the class of x is in the first and the class of —d(y) is in the second summand. It
follows that the class of x is zero, hence x € im(dPt4™1).

By proposition 4.1, the differential d is strict relative to both filtrations. In our case this
means that there are @ € "FP(K"" 1) and b € "FI(K" 1) such that x = d(a) = d(b). It
follows that a — b € ker(d"™!) and since

Hi ™' (K) = "FP(H; ™ (K)) @ "FI(H; ™ (K)),

the class of @ — b in H}"!(K) is the sum of an element in 'FP(H/; "' (K)) and an element
in "FI(HY(K)). Say

a—b=u+v+dw)

with u € "FP(K™ 1) Nker(d"™ 1), v € "FI(K™ ') Nker(d" ') and w € K" 2. If we write

U= g Ur, s,

r>p
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then we see that d(v,4—1) = 0, since
0=d(v)
= 5(Up,q—1) + (0(vp,g—1) + 5(Up+1,q—2)) + .+ 0(Vptg-10)

is the bidegree decomposition of d(v). It follows that

T = _(ap,qfl) i
= 0(vpg-1 + O(wp-1,4-1) + N wp-24))
= —9(O(wp—1,4-1)) € im(gP~ 1P,

which finishes the proof. ]

4.1 Hodge structures

In the case that the double complex is the double complex of a complex manifold we can
rephrase the condition that the two induced filtrations on H}(K') are n-opposite by the
existence of a so-called Hodge structure on the cohomology. We want to introduce the
basic concept here and refer to [PS08] for more details.

Definition 4.3 (Hodge structure). Let V' be a real vector space and Vg = V @g C its
complexification. A Hodge structure of weight k on V is a decomposition

e @ v
ptq=k

of V¢, satisfying
Vp’q = V‘Lp'

One way to obtain a Hodge structure of weight k on V' is via a decreasing filtration F'(V)
on Vc. It has to satisfy

FP(Ve)NFa(Ve) =0

whenever p+qg—1=k. If p+ g =k, we set

VPl = FP(Veo) N Fea(Vg).
Then the VP4 induce a Hodge structure of weight k on V.

Note that conversely one can obtain a filtration on V¢ from a given Hodge structure by
setting

FP(Ve)= @ v
r4+s=k
r>p

Furthermore, these two methods are inverse to each other.
With this notion introduced, we can reformulate the equivalence of statements (1) and
(3) of theorem 4.2 in the following way.
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Proposition 4.4. Let X be a complex manifold. Then X satisfies the 00-Lemma if and
only if

(a) the Frolicher spectral sequence degenerates at the first sheet and

(b) the filtration on Hggr (X), which is induced by the natural filtration on the space of
differential forms on X, induces a Hodge structure of weight £ on HﬁR(X ).
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5 Degreewise results

In the previous section we have seen the result of P. Deligne, Ph. A. Griffiths, J. Morgan,
and D. P. Sullivan that the 90-Lemma holds if and only if the Frolicher spectral sequence
degenerates at the first sheet and the filtrations on the cohomology are n-opposite. Now
we want to study this relation degreewise. The starting point will be to assume that the
00-Lemma does not hold for all degrees but only for one fixed degree n. In section 3 we
have seen what this means for the surjectivity and injectivity of the maps between the
cohomologies. In this section we want to study what the 99-Lemma in one degree means
in terms of the degeneration of the spectral sequences and filtrations on the cohomology.
It turns out that the d9-Lemma holds in degree n if and only if the maps dff’”_k_l are
zero for all k and the induced filtrations on the cohomology have trivial intersection in
degree n and they span the whole cohomology space in degree n — 1.

To prove this result we also need a degreewise formulation of proposition 4.1, with which
we start.

Proposition 5.1. Let (K;d) be a cochain complex with a filtration F and let (E,,d,),cN
be the induced spectral sequence. Let n,p € Z. Assume

ghn—k . gkn—k _, ph+rn—k-r+l
is the zero map for all » € N and k£ < p. Then
d FP(K™) = im(d") N FP(K"1).
Remark 5.2. This yields the implication (1) = (2) of proposition 4.1.
Proof. First fix k < p. We want to prove that
d FF(K™) N FRY(KHY = d FRTYR™),
It is clear that d F*1(K™) C d F¥(K™) N F*1(K"*1). Conversely, let x € FF(K™) with

d(z) € FF1(K™*1). We want to find an element of F*+1(K™) with same differential as

x. Certainly x defines a class in Ef k. By assumption,

0=dy"Ha) = [@"()] € BTN,
which implies that
d(z) € d FFY(K™) + FF2(KmH),
So we can write
d(z) =d(a) +b
with @ € FF(K") and b € FF2(K"*1). If we set ¢ = = — a, then ¢ € FF(K™) and

d(c) = d(z) — d(a) = b e FF2(K™Hh).
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Furthermore ¢ and z define the same class in Ef m—k

Now we can apply a similar argument as before to ¢. We have ¢ € F¥(K™) and d(c) €
FrH2(gntly ¢ FEHL(KmH) | So ¢ defines a class in B2, and again

d(C) € dFk:-i—l(Kn) +Fk+3(Kn+1)

dy"" is zero. So we can write

d(c) = d(e) + f,

since

where e € FF1(K™) and f € FF3(K"1). Let g = ¢ —e. Then g € FF(K™) and g, c
and x have the same class in Ef "=k Moreover

d(g) = d(c) — d(e) € FF3 (K™,
Since the filtration of the complex is finite, there is NV € N such that
FFN(K™) = 0.

So, repeating the argument above we find an element y € F¥(K™), which has the same
class in Ef’n_k as , and

d(y) € FFN (K™t = 0.
The fact that the class of z and y is the same in Ef’nik yields
r—yecdFPKE"Y ¢ FFYR™).
So there are z € FF1(K") and s € d F¥(K" 1) such that x —y = s + 2. It follows that
d(z) = d(z) —d(y) —d(s) = d(z).
We infer that
dFF(K™) 0 FEL(R™Y) = d FRY(KT

for all k < p.
By induction, we get
dFY(K™) = d FF(K™) n FY(K™Y)

for all k <1 <p.
Again by finiteness of the filtration, there is M € Z, M < p such that FM(K") = K™,
We conclude

dFP(K™) =d FM(K™) n FP(K™)

= im(d") N FP(K"),

which was to be shown. O
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As before also a converse statement holds.

Proposition 5.3. Let (K;d) be a cochain complex with a filtration F' and let (E;, d;),eN
be the induced spectral sequence. Let n € Z. Assume

dFP(K™) =im(d") N FP(K"T)
for all p € Z. Then

kn—k . pkn—k k+rn—k—r+1
d; By — B}

is the zero map for all » € N and &k € Z.
Remark 5.4. This implies the implication (2) = (1) of proposition 4.1.

Proof. Let r € N and k € Z. In order to show that dff’"*k is the zero map, we have to
prove that

d(Fk(Kn) N d—l(Fk+r(Kn+1))) C Fk+r+1(Kn+1) + d(Fk+1(Kn))
This follows from
d(Fk(Kn) N d—l(Fk+r(Kn+1))) C d(Fk(Kn)) N d(d—l(Fk-‘rr(Kn—I—l)))

C d(Fk(Kn)) N Fk+T(Kn+l>
C lm(dn) N Fk—l—r(Kn—i-l)
= d(FM7(K™))
- Fk-l-r—i-l(Kn—i-l) + d(Fk+1(Kn)),

where we used the assumption in line 4. O

The two previous propositions yield the following corollary, which is a degreewise version
of proposition 4.1.

Corollary 5.5. Let (K; d) be a cochain complex with a filtration F' and let (E,, d,),cn be
the induced spectral sequence. Let n € Z. Then the following statements are equivalent:

a) dFP(K™) =im(d") N Fp(K"“) forallpe Z
b) df’"*k : Ef’"_k — E,I?M’n_k_rﬂ is the zero map for all r € N and k € Z.

Now we want to obtain a degreewise version of theorem 4.2. We start with the following
refinement of the implication (3) = (1) in theorem 4.2.

Proposition 5.6. Let (K;0,0) be a bounded double complex and (K;d) its associ-
ated simple complex. Denote by ("E,;’d,)reny and ("E,;” d;),en the spectral sequences
induced by 'FP(K) and "FP(K), respectively. Further let n € Z and assume that
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(a) "d¥n=k=L — 0 and 7 d¥"*1 =0 for all k € Z and r € N, and
(b) the induced filtrations on Hq(K) satisfy
PO HK)) + "FY(HEY(K)) = HYH(K) for (a,b) € Z? witha+b=n (14)
'FYHY(K))N"F*(HY(K)) = 0 for (a,b) € Z* witha+b—1=n (15)
Then (K; 0, 0) satisfies the 90-Lemma in degree n.

Proof. We show equation (2)(i) of theorem 3.2. For this, take (p,q) € Z with p+qg=n
and let x € ker(0P4) Nim(9P~19). First, choose y € KP~14 with z = O(y). Since
im(0P~19) C ker(974), we have that z € ker(d"). Hence z defines a class in H%(K),
which is the same as the class of

z —d(y) = —(y) € KP~ LT+

But the class of z is in 'FP(H}(K)) while the class of —9P~14(y) is an element of
"FatH(HE(K)). Thus, by assumption, the class of z is zero, hence

z €im(d" ).
In particular
z € 'FP(K™)Nnim(d"™ ') and 2 € "FI(K™) Nim(d" ).
Using corollary 5.5, we infer that
red(FP(K™ 1) and x € d("FI(K"1)).

Note that here we use the boundedness of the complex, since this guarantees that the
filtrations are finite.

So, let a € "FP(K™ 1) and b € "F4(K" 1) such that 2 = d(a) = d(b). Then a — b €
ker(d" '), so a—b defines a class in H} "' (K). By assumption, there are e € 'FP(K"~1)N
ker(d"™ 1), f € "FI(K™ 1) Nker(d" ') and g € K™~ 2 such that

a—b=e+ f+d(g).

If we write

€= E €rs

r>p
r4+s=n—1

as its bidegree composition, then d(ep4—1) = 0, because

0 =d(e)
= (epg—1) + (Aepg-1) + Iepr1,4-2)) + ...+ d(en—1,)
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is the bidegree decomposition of d(e). Writing

as well as

we infer that

x =d(a)
= (?(ap,qfl) B
= d(epg—1+0(gp—1,4-1) + O(gpg—2))
= 9(0(gp-1,4-1)) € Im(I" 19" 7?).
This proves the claim. ]

Before proving that also the converse is true we want to give simple examples, which
show that we cannot drop the assumptions (14) and (15) in proposition 5.6.

Example 5.7. We cannot drop assumption (14). Consider the following double complex.
Let V' be a nonzero vector space over a field, which does not have characteristic two. We
set

KP4 — {V (p, Q) € {(_170)7 (07 _1)a (0,0)},

0 else,

as well as 0710 = idy and 9%~ = idy.

We take n = 0. Then the filtration is 0-opposite, because Hg(K) is trivial, since d~! is
surjective. In particular condition (15) is satisfied.

Furthermore we have that

K_I’O :V (paq) = (_170)7

/Epvq g Hqu K —
L 9 (K) {0 else.
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It follows that ’ df’_k_l =0 for all £ € Z and r € N. The same argument applies to the
second filtration.
But the first condition of theorem 3.2 is not fulfilled in degree 0. Indeed, we have that

ker(9°) = ker(0°) = im(d™') =V
whereas
im(6-'97?) = 0.

Example 5.8. We also cannot drop assumption (15). Consider the following double
complex. We take V as before and set

KP4 = {V (p, Q) € {(070)7 (170)> (Oa 1)}7

0 else,

as well as 099 = idy and 990 = idy, .

0 0
0 V 0 0
0 |4 Vv 0
0 0

Let n = 1. Then the filtration is 0-opposite, because Hg(K ) is trivial, since d° is injective.
In particular equation (14) holds.
Furthermore we have that

K'Y=V (pq =(1,0),

0 else.

/E?q o~ H%Q(K) — {

It follows that ' df’*k = (0 for all £ € Z and r € N. The same argument applies to the
second filtration.
But the first condition of theorem 3.2 is not fulfilled in degree 1. Indeed, we have that

ker(9') = ker(9') = K*
and
im(d%) = {(v,v) € K@ K"} £0

whereas

im(0°01) = 0.
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Proposition 5.9. Let n € Z and assume that the double complex (K; 3, ) satisfies the
00-Lemma in degree n. Then the differential

"t KM KT
is strict relative to both filtrations 'F and " F, i.e.
dnfl(/Fp(anl)) — im(dnfl) N IFp(Kn),
dn—l(//Fp(Kn—l)) im(dn_l) ﬁ//Fp(Kn)

forallpe Z
Proof. We prove the claim for 'F, the other case works analogously. The inclusion
dn—l(/Fp(Kn—l)) C im(dn—l) N /Fp(Kn)

is clear. For the other inclusion let 2 € im(d"~ 1) N’FP(K™). We write

and take y = . yrs such that d(y) = 2. Of course

Z d<yr,s) - Z d(?/r,s) = d( Z yr,s)y

r+s=n—1 r4+s=n—1 r+s=n—1
r>p—1 r>p—1

so we may assume that y € 'FP=L(K™ 1), We have that d(yp—1,—p) = 0. In particular
Yp—1.n—p € ker(9"0"1). So, by equation (2*)(i) of theorem 3.2,

y € im(0"%) Nker(9" 1)
and we can write

Yp—1n—p = d(a) +b
with 9(b) = 0 and @ € KP~1"P=L C K"~!. Then
Lpn—p = ?(?/p—l,n—p) + 5(yp,n—p—1)
= 0(9(a) + Ypn—p—1)-
We infer that

2 =3(0() + Ypn—p-1)+ Y s

r+s=n
r>p+1

= d(0(a)) + d( Z yr,s)7
r+s§7;71

which is an element of d"~*("FP(K™!)). This shows the claim. O
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We get the following corollary as a consequence of propositions 5.9 and 5.3.

Corollary 5.10. Let (K;3,0) be a bounded double complex and (K;d) its associated
simple complex. Denote by ('E,;’d;)reny and ("E,;” d;)ren the spectral sequences in-
duced by 'FP(K) and " FP(K), respectively. Let further n € Z and assume that the double
complex satisfies the d9-Lemma in degree n. Then ' d¥"~*=1 = 0 and " d¥"~*=1 = 0 for
all k € Z and r € N.

The following proposition states what the 0-Lemma means for the induced filtrations
on the cohomology.

Proposition 5.11. Let (K;0,0) be a bounded double complex and (K;d) its associ-
ated simple complex. Denote by ("E,;’d;)reny and ("E,;” d;)ren the spectral sequences
induced by '"FP(K) and "FP(K), respectively. Let further n € Z and assume that the
double complex satisfies the 90-Lemma in degree n. Then

'FP(HH(K)) +"FI(HGH(K)) = Hy|(K) for all (p,q) € Z° withp+q=n
'FPHY(K))N"FIHY(K)) = 0 for all (p,q) € Z* withp+q—1=n.
Proof. For the first equation take o = [z] € Hg_l (K), where z € K"~ ! is a representative

of . Fix p and ¢ with p+¢ = n. We want to find z € 'FPK" 1 and y € "FIK"~! both
in the kernel of d, such that [z] + [y] = a. If we write

z = g Zr,s

r+s=n—1
= E Zrs + E 2r,s;
r+s=n—1 r+s=n—1
T>p r<p—1

then 0(2p4-1) = —0(2p—1,4), because d(z) = 0. ‘Hence zpg-1) € im (0" 1) N ker(9"),
which, by equation (2)(ii), is a subset of im(9"~19"~2). So we find u € KP~14~1 C g2
such that

0(0(u)) = 0(zpg-1) = —0(9(u)).

If we set
T = Z Zrs + 0(u)
r4+s=n—1
r>p
and
y = Z Zr,s + 5(“),
r+s=n—1
r<p—1
we get

z+y=z+du).
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Furthermore z € 'FPK" ! and y € "FIK"~ 1. By

I(zpg-1+ 0(u)) = 0 and 0(zpg-1 + (u)) = 0(2p,q-1)
we infer that

d(@) =d( Y 2z +0(u)
T+S§Z—l

= 5(21),11—1 + 9(u))
0

)

and similarly for y. This proves the first equation.
For the second equation let p and ¢ be integers such that p+¢ = n+ 1 and a €
'FP(H}(K))N"F1(H;(K)). This means there is

x = Z z,s € ' FPK™ Nker(d)

r+s=n
r>p

as well as

y= > yrs € "FIK" Nker(d)

r+s=n
s2q

such that « is the class of x and the class of y. Because their classes are equal, there is
u € K" ! such that x — y = d(u). It follows that

Lpn—p = Tp,g—1
= Tp,g—1 — Yp,g—1
= 8(up—l,q—l) + a(up,q—2)

We have

0=d(x)

=d( Y @)

r+s=n
r>p

= Y O(xrs) + O(zrs).

r+s=n
r>p

By considering bidegrees, this gives 9(x4-1) = 0. Hence

0=0(zp,qg-1)
(O(up-1,4-1)) + 5(5(%@,(1—2))
(A (up-1,4-1))-

Il
Qi
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Applying equation (2*)(ii) to d(up—1,4-1) we find v € KP~1472 C K"~2 such that
O(up-1,4-1) = 0(9(v)) = —0(3(v)).

It follows that

A Y e — 0W) = (@ — Oup-14-1)) — DD(v)) = 2.
r4+s=n—1

So x is exact, and hence « is zero. O

Putting the previous results together, we get the following theorem, which is a degreewise
analogue of theorem (5.17) from [DGMST75].

Theorem 5.12. Let (K;0,0) be a bounded double complex and (K;d) its associated
simple complex. Denote by ('E,;’d;)reny and ("E,;” d;),en the spectral sequences in-
duced by 'FP(K) and "FP(K), respectively. Let further n € Z. Then (K0, 0) satisfies
the O0-Lemma in degree n if and only if

(a) "dFn=k=L = and 7 d®" 1 =0 for all k € Z and r € N, and
(b) the induced filtrations on Hq(K) satisfy
'FPHYY(K)) +"FIHH(K)) = HY(K) for all (p,q) € Z* withp+g=n
"FPH(K))N"FI(HL(K)) = 0 for all (p,q) € Z*> withp+q—1=n
For complex manifolds this theorem can be reformulated as follows.

Theorem 5.13. Let X be a complex manifold of dimension n. Then X satisfies the
00-Lemma in degree k if and only if

(a) the differential maps d®*"~*=1 of the Frolicher spectral sequence are zero for all
r > 1, and

(b) the filtration on Hgqr(X) that is induced by the natural filtration on the space of
differential forms on X satisfies

FPHECN(X) + Fo(HERH (X)) = HEZY(X) for all (p,q) € Z° withp+q=k
FP(HER (X)) N Fa(HEL (X)) = 0 for all (p,q) € Z? withp+q—1=E.
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6 Some applications to complex manifolds

If a complex manifold is compact and kihlerian, then it satisfies the 90-Lemma and
provides a Hodge structure on the de Rham cohomology. In this final section, we will
give some applications of theorem 5.13 by dropping one of these assumptions. First, we
will consider compact surfaces, and afterwards, we want to consider Kéahler manifolds
which are not compact but have a certain convexity property.

6.1 The compact case

Compact examples, for which theorem 5.13 can be useful, are connected compact complex
surfaces. We refer to [BHPVAV15] for more details about those. Most results, which we
will use, can be found in chapter IV.

It is well known that the Frolicher spectral sequence degenerates at F1 for such manifolds.
This allows us to reformulate theorem 5.13 as follows.

Theorem 6.1. Let X be a connected compact complex surface. Then X satisfies the
00-Lemma in degree k if and only if the filtration on Hyr(X) that is induced by the
natural filtration on the space of differential forms on X satisfies

FP(HER (X)) + Fa(HE (X)) = HE'(X) for all (p,q) € 2% withp+q=Fk  (16)
FP(HEL (X)) N Fa(HER (X)) = 0 for all (p,q) € Z? withp+q—1=k. (17)

Furthermore, we have equality in the Frolicher inequality. If we denote the Hodge num-
bers of X by hP?, this yields
by, = Z hPa.

p+q=k

In order to investigate the validity of the d9-Lemma here, we have to distinguish if the
first Betti number b; of X is odd or even. In the even case the following equivalence
holds.

Theorem 6.2. A compact complex surface is Kéahler if and only if its first Betti number
is even.

Proof. See |IBHPVdAV15]. O

Hence, any compact complex surface with even first Betti number satisfies the 90-Lemma
in all degrees.

If the first Betti number of X is odd, then A0 = hO1 — 1. In particular, X does not
admit a Hodge Structure in degree 1 and is not a Kéhler manifold. Now we want to
check in which degrees X satisfies the 0-Lemma.

Like all complex manifolds, X satisfies the 00-Lemma in degree 0.

As a connected compact complex manifold, X satisfies the 9-Lemma also in degree 1.
To see this, consider equation (2)(i) of theorem 3.2. We have

im(0°01) = 0.
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So let z € ker(9') Nim(d°) = ker(9%?) Nim(8°Y). Then there exists a smooth function
f on X such that z = 9(f). Therefore,

0=0(3(f))-

Using that X is compact, we infer by the maximum principle for pluriharmonic functions
that f is constant. Hence, x = 9(f) = 0. Equation (2)(ii) works the same way.
For degree 2, first note that

FY(H}jr(X)) N FYH}R (X)) =0,

since the 90-Lemma holds in degree 1.
Since the Frolicher spectral sequence degenerates at F1, we have

H3'(X) = By = B = F (Hjp(X))/F*(Hip(X)) = F' (Hip(X)).
0

We deduce
dime(F!' (Hig (X)) + F'(Hjr(X))) = dime (F' (Hjg (X))) + dime(F!(Hig(X)))
= dimc (H;°(X)) + dime (H;" (X))
— R0 4 p10

— hl,o _|_ ho,l _ 1
=b —1
= dime (HiR (X)) — 1.

Therefore, equation (16) is not fulfilled for & = 2, and hence, X does not satisfy the
00-Lemma in degree 2.
For degree 3, we consider the filtration on H3g (X). We have

Hir(X) = F'(Hir(X)) 2 F?(Hig(X)) 2 FP(Hir(X)) = 0.

Note that by Serre duality we have h?4 = 272749 In particular, h>! = hb2 + 1.
Similar to before, we have
2,1 2,1 1 _
H (X) = By = EX' = FP(H{R(X))/F°?(Hig(X)) = F*(Hip(X)).

In particular,
dime(F2(Hip (X)) = h>' = b = b — b0 = b; — dime(F! (Hjp(X))).  (18)
Now consider
b: Hig(X) x H3g(X) — C

(la), 18) H/Xaw,
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which is a non-degenerate bilinear map, by Poincaré duality. Note that
(F'(Hir(X))" = {y € Hip(X) | b(z,y) = 0 for all y € F!(Hip(X)}

contains F2(H3R(X)). Hence, equation (18) implies that they are equal. The same is
true for the conjugated spaces. We infer that

dime (F (i (X)) N F2 (g (X)) = dime((F! (i (X)) 0 (F1(HR (X))
= dime (F (Hln (X)) + P (Hin (X))
= by — dimg(F(Hip (X)) + FL(HLL (X))
=1

This implies that equation (17) cannot be satisfied for ¥ = 3. But then X does not
satisfy the 00-Lemma in degree 3.

In degree 4 it is obvious that equation (17) is satisfied for all p and ¢g. Also, equation
(16) is fulfilled whenever p < 1 or ¢ < 1. For p = ¢ = 2 we compute

dime (F?(Hjg (X)) + F2(HjR (X))
= dime (F?(Hig (X)) + dime (F?(H3R (X)) — dime (F?(H3g (X)) N F2(H3R(X)))

— h2,1 + hQ,l -1
=
= dim¢(H3z(X)).

Hence, equation (16) is also satisfied in this case. This implies that X satisfies the
00-Lemma in degree 4.
We summarize these considerations in the following theorem.

Theorem 6.3. Let X be a connected compact complex surface. Then the validity of
the 00-Lemma is expressed as follows.

Table 1: Validity of the 90-Lemma for compact complex surfaces

by even b odd
degree 0 yes yes
degree 1 yes yes
degree 2 yes no
degree 3 yes no
degree 4 yes yes

Note that the arguments we used for degree 3 and 4 can be used for a compact complex
manifold of arbitrary dimension as long as its Frolicher spectral sequence degenerates at
Ey.

Theorem 6.4. Let X be an n-dimensonal compact complex manifold and suppose that
its Frolicher spectral sequence degenerates at Fj. Then X satisfies the d0-Lemma in
some degree k if and only if X satisfies it in degree 2n — k + 1.
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6.2 The non-compact case

Non-compact manifolds, where theorem 5.13 can be applied, are Kahler manifolds, which
satisfy an additional convexity condition. The following results mainly are due to [Ohs81].
We also refer the reader to [BDIP02] and the references given there for more details.

Definition 6.5. A smooth function defined on an n-dimensional complex manifold is
called strongly I-convex if its Levi form has n — [ + 1 positive eigenvalues at every point
outside a compact subset of X. Furthermore, we say a complex manifold X is absolutely
l-convex if X has a plurisubharmonic exhaustion function, which is strongly I-convex.

Then we have the following theorem.

Theorem 6.6. Let X be an n-dimensional Kéhler manifold, which is absolutely I-convex.
Then in total degree greater or equal than n + [ we have

Hi(X) = @D HZI(X) and HZT(X) = HEP(X).
p+q=Fk
Furthermore, all these spaces are finite dimensional.
Proof. See |Ohs81]. -
Hence,
dime Hip(X) = Y dime Hj?(X)
pt+q=k

whenever k > n+1(, and the Frolicher spectral sequence degenerates at E; in total degree
at least n +1[.

In particular, we can apply theorem 5.13 to such manifolds to get the 09-Lemma in high
degrees.

Theorem 6.7. Let X be an n-dimensional Kéhler manifold, which is absolutely [-convex.
Then X satisfies the 00-Lemma in degrees greater than n + [.
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