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1. Introduction

It is a basic fact that there are no other compact complex subman-
ifolds in any positive dimensional complex vector space than points.
This is an immediate consequence of the maximum principle (see [FG02,
I 4.11.]). Therefore it is natural to ask for complex structures on this
spaces admitting positive dimensional compact complex submanifolds.
In the 1950’s Eugenio Calabi and Beno Eckmann already constructed
complex structures on the product of two odd-dimensional spheres

Mp,q = S2p+1 × S2q+1,

with remarkable properties. According to [CE53, Theorem II] Mp,q

with p > 0 admits a holomorphic fibering

Mp,q → PpC × PqC
with two-dimensional, pairwise biholomorphically equivalent, complex
tori as fibers. Here PnC denotes the complex projective space of di-
mension n ∈ Z>0. Furthermore [CE53, Theorem VI] states that the
submanifold

Ep,q = S2p+1 \ {pt} × S2q+1 \ {pt}
which arises by removing any pair of points inMp,q is homeomorphically
equivalent to Cp+q+1. In contrast it does not admit a holomorphic
atlas with one coordinate system. Therefore it is not biholomorphically
equivalent to Cp+q+1. And even more important most of the fibers
of Mp,q are contained in Ep,q. Hence there exist compact complex
submanifolds of Ep,q of positive dimension. In [DKZ15a] and [DKZ15b]
Antonio Di-Scala, Naohiko Kasuya and Daniele Zuddas refer to these
results and improve them. More precisely they construct a family E =
E(%1, %2)%1%2 of two-dimensional complex manifolds parameterized by

{(%1, %2) | 1 < %2 < %−1
1 <∞}

each of whom being diffeomorphically equivalent to C2. By construc-
tion they get a holomorphic fibering map

E(%1, %2)→ P1
C

with fibers being either embedded one-dimensional complex tori, a cu-
bic curve with one node or embedded one-dimensional annulli (see
[DKZ15b, Theorem III]). We will see that all one dimensional com-
plex tori can be embedded in such a manifold. The goal of this work is
to give a more explicit construction of the manifolds E(%1, %2). More-
over we will see that the Picard groups of these manifolds carry the
structure of complex vector spaces of infinite dimension.
We will start this work with an agreement on the used notations. Then
we will construct the manifolds E(%1, %2).In order to do that we will
make use of the theory of moduli spaces of elliptic curves. In the last
section we will give a short review on the relation between cohomology
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and line bundles to get in the position to consider the Picard groups as
complex vector spaces. Finally we will prove these that vector spaces
are of infinite dimension. The idea for this proof goes back to Dr. Tim
Kirschner and represents the starting of this work.
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2. Notations

In this section we will reach an agreement on the notations we will
always use in this work.

2.1. Discs and annuli. For non-negative numbers 0 ≤ r1 < r2 ≤ ∞
and 0 < r ≤ ∞ we will always denote the disc with center 0 and radius
r by

D(r) = {z ∈ C | |z| < r}
and the annulus with center 0, inner radius r1 and outer radius r2 by

D(r1, r2) = {z ∈ C | r1 < |z| < r2}.
Furthermore we define

D := D(1) and D∗ := D(0, 1) and D(r)∗ := D(0, r).

In order to allow discs with center z0 different to 0 we also denote

Dr(z0) := {z ∈ C | |z − z0| < r}.

2.2. Complex tori. For real linearly independent complex numbers
ω1, ω2 ∈ C we denote the associated lattice in the complex plane by

Λ := Λ(ω1, ω2) = ω1Z + ω2Z,
which is a subgroup of (C,+). According to [FG02, page 206] Λ acts
freely and properly discontinuously on C by translation. Therefore
[FG02, IV 5.5.] provides a one-dimensional complex structure on C/Λ
such that the natural projection π : C → C/Λ is an unbranched holo-
morphic covering. In particular for every [z0] ∈ C/Λ there exists an
open neighborhood U = U([z0]) ⊂ C/Λ of [z0] in C/Λ so that

ϕ[z0] : U → C
[z] 7→ z

is a local chart for C/Λ at [z0].

2.3. Projective space. Let n ∈ Z≥0 be a positive integer. Then we
denote the n-dimensional complex projective space by

PnC := (Cn+1 \ {0})/C∗,

where C∗ acts on Cn+1 \ {0} by multiplication with scalars. According
to [FG02, p.208-210] PnC is a topological Hausdorff space which becomes
an n-dimensional complex manifold by virtue of the holomorphic atlas

{(ψi, Ui) | i = 0, . . . , n}
with

ψi : Ui → Cn

[z0 : · · · : zn] 7→
(
z0

zi
, . . . ,

zi−1

zi
,
zi+1

zi
, . . . ,

zn
zi

)
4



and

Ui := {[z0 : · · · : zn] | zi 6= 0}

for i ∈ {0, . . . , n}. For n ∈ {1, 2} we will also write [x : y] and [x : y : z]
instead of [z0 : z1] and [z0 : z1 : z2]. In this case it is also useful to write
ψx := ψ0 as well as ψy := ψ1 and ψz := ψ2. Analogously Ux := U0 as
well as Uy := U1 and Uz := U2. Usually projective algebraic subsets
A ⊂ PnC are defined as the zero set of homogeneous polynomials P in
n + 1 variables. For i ∈ {0, . . . , n} the dehomogenization of P with
respect to i is the polynomial with complex coefficients in n variables
defined by

Pi(z0, . . . , zi−1, zi+1, . . . , zn) := P (z0, . . . , zi−1, 1, zi+1, . . . , zn).

Its zero set

{z ∈ Cn | Pi(z) = 0} = ψi(A) ∼= {[z0 : . . . : zn] ∈ A | zi 6= 0}

is called the affine part of A with respect to i.

2.4. Partial derivatives and jacobians. Let n,m ∈ Z≥0 and U ⊂
Cn an open domain in the n-dimensional complex space. Moreover let

f = (f1, . . . , fm) : U → Cm

be a holomorphic map. We denote the partial derivative of f in a point
z0 ∈ C by

(fj)zi(z0) := Difj(z0) = lim
06=h→0

1

h
fj(z0 + hei)− fj(z0),

where i ∈ {1, . . . , n} and j ∈ {1, . . . ,m}. Then [FG02, I 7.1.] implies
that the complex total derivative of f in z0 is the complex linear map
Df(z0) : Cn → Cm given by

Df(z0)(v) = Jf (z0)v,

where Jf (z0) denotes the jacobian of f in z0

Jf (z0) :=

D1f1(z0) · · · Dnf1(z0)
...

...
D1fm(z0) · · · Dnfm(z0)

 .

2.5. Tangent space. For a complex manifold X of dimension n ∈ N
we denote the set of charts at a given point x ∈ X by Cx = CX,x. The
tangent space of X at x is defined to be

TxX := Cx × Cn/ ∼,

where (ϕ, v) ∼ (ψ,w) if and only if

Jψ◦ϕ−1(ϕ(x))v = w.
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Note that [FG02, p.165, 166] shows that ∼ is an equivalence relation
and that TxX becomes an n-dimensional complex vector space by virtue
of

[ϕ, v] + [ϕ,w] := [ϕ, v + w] for v,w ∈ Cn

λ[ϕ, v] := [ϕ, λv] for λ ∈ C and v ∈ Cn,

with a fixed chart ϕ ∈ Cx. Every holomorphic map f : X → Y induces
a complex vector space homomorphism, the so called tangent map

Txf : TxX → Tf(x)Y

[ϕ, v] 7→ [ψ, Jψ◦ϕ−1(ϕ(x))v].
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Figure 1. A universal family of cubic curves

3. DKZ-Manifolds

In this section we will discuss the construction of a family

E(%1, %2)(%1,%2)∈P

of complex manifolds parameterized by

P := {(%1, %2) ∈ (R>0)2 | 1 < %2 < %−1
1 <∞}

such that each manifold E(%1, %2) is diffeomorphically but not biholo-
morphically equivalent to C2. Since these manifolds have first been
described by Di Scala Kasuya and Zuddas (see [DKZ15b]) we will call
them Di Scala-Kasuya-Zuddas manifolds or DKZ-manifolds, shortly.
Our goal in this section is to increase understanding of the DKZ man-
ifolds by making the construction more explicit. Note that [DKZ15b]
starts by fixing a relatively minimal elliptic holomorphic Lefschetz fi-
bration

f1 : W1 → D

with one singular fiber. The existence of the fibration f1 is referred to
[Kod60] and [Kod63]. It can be characterized as a holomorphic function
such that the fibers of non-zero base points correspond to elliptic curves
and f−1

1 (0) corresponds to a cubic curve with one node. This situation
is illustrated in figure (1). We will not assume the existence of f1

but give an explicit description of a manifold W1 having the latter
properties. In order to do this we will refer to [Hai08]. According
to [DKZ15b] we start with positive real numbers %0, %1 and %2 > 0
satisfying

1 < %2 < %−1
1 < %−1

0 .
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Then we will define a two-dimensional complex submanifold of P2
C×D

as the zero set of a family of homogeneous polynomials (Pq(x, y, z))q∈D

parameterized by D. In order to understand the coefficients of Pq we
will learn some elliptic function theory. It turns out that the projec-
tion to the coefficient q is of the desired form. In order to increase
understanding of W we will follow [DKZ15b] and identify the restric-
tion of f : W → D to D with a Hopf manifold W ′ := C∗ × D∗ /Z,
where Z acts freely and properly discontinuously on C∗ × D∗. Finally,
embedding D(1, %2)×D(%0, %1) into W ′

1 = W ′
|D(%1)∗ will allow us to glue

W1 = f−1(D(%1)) and W2 := D(1, %2) × D(%−1
0 ) along the biholomor-

phism corresponding to

D(1, %2)×D(%0, %1)→ V2 := D(1, %2)×D(%−1
1 , %−1

0 )

(z, w) 7→ (z, w−1).

This yields the DKZ-manifolds.

3.1. Elliptic functions and curves. In this subsection we will de-
fine the coefficients of the polynomials mentioned in the introduction.
Throughout this subsection let ω1, ω2 ∈ C be real linearly independent
complex numbers.

Definition 3.1 (Elliptic function). An elliptic function for the lattice
Λ = Λ(ω1, ω2) is a meromorphic function on the complex plane being
invariant under translation by Λ.

Note that an elliptic function can be viewed as an element of
Hol(C/Λ,C∞), where Hol(C/Λ,C∞) denotes the complex vector space
of holomorphic maps C/Λ → C∞ and C∞ := C ∪ {∞} denotes the
Riemann sphere. According to [Fre06] the first example for an elliptic
function is the Weierstrass ℘-function.

Definition 3.2 (Weierstrass’s ℘ function). The Weierstrass ℘-function
℘Λ := ℘ : C→ C∞ for Λ is defined by

℘Λ(z) := ℘(z) :=


1

z2
+

∑
ω∈Λ\{0}

[
1

(z − ω)2
− 1

ω2

]
for z /∈ Λ

∞ for z ∈ Λ

(1)

As stated in [Fre06, 5.4.] the Weierstrass ℘-function is a surjective
elliptic function whose only poles are of order two and are located in
the points of Λ. In order to calculate the Laurent expansion of ℘ with
center z0 = 0 one defines the so-called Eisenstein series.

Definition 3.3 (Eisenstein series). For a positive integer k ∈ Z≥0 with
k ≥ 3 the Eisenstein series of weight k for Λ is defined to be

Gk = Gk(Λ) =
∑

ω∈Λ\{0}

ω−k.
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According to [Fre06, p.271] this series are absolutely convergent and
they provide the desired Laurent expansion by virtue of

℘(z) =
1

z2
+
∞∑
k=1

(2k + 1)G2(k+1)z
2.

As described in chapter I paragraph 4 of [KK98, I.4.] the Eisenstein
series of weight at least 4 can be considered as 1-periodic holomorphic
functions on the upper half-plane H by virtue of

Gk(τ) := Gk(Z + τZ) = 2ζ(k) +
(2πi)k

(k − 1)!

∞∑
m=1

σk−1(m)e2πimτ

for τ ∈ H, where

σk(m) :=
∑
d|m

dk

is the divisor sum function and ζ is the Riemann zeta function. This
gives rise to the definition

G̃k(q) := 2ζ(k) +
(2πi)k

(k − 1)!

∞∑
m=1

σk−1(m)qm,(2)

for q ∈ D∗. Since e2πiH = D∗ this functions are holomorphic on D∗

with Laurentexpansion as above and hence with obvious liftable singu-
larity in 0 (see for example [Fre06, p.145]). The Weierstrass ℘ function
satisfies a differential equation which helps relating one-dimensional
complex tori with elliptic curves.

Proposition 3.4. We define the quantities

g2 = g2(Λ) = 60G4 and g3 = g3(Λ) = 140G6

as well as the discriminant for Λ

∆ = ∆(Λ) = g3
2 − 27g2

3.

Then ∆ is not zero and the Weierstrass ℘-function for Λ satisfies the
differential equation

℘′(z)2 = 4℘(z)− g2℘(z)− g3.

The proof is just a combination of [KK98, I.3.Korollar C] and [Fre06,
5.3. Thm 3.4.]. This yields the classical parameterization of the elliptic
curve1

EΛ := {[x : y : z] ∈ P2
C | y2z = 4x3 − g2xz

2 − g3z
3}

by the torus C/Λ. More precisely:

1In general an elliptic curve is a compact Riemann surface of genus 1 with the
choice of an endowed point (see[Hai08, Def 1.1.]). According to [Hai08, Prop.5.2.]
this is the same as the projective solutions of equations y2 = 4x3 − ax − b2 with
a3 − 27b 6= 0.
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Proposition 3.5. The elliptic curve EΛ is a one-dimensional complex
submanifold of P2

C. Furthermore the Weierstrass ℘-function induces an
isomorphism

C/Λ→ EΛ [z] 7→

{
[℘(z) : ℘′(z) : 1] ; z 6= [0]

[0 : 1 : 0] ; z = [0],

of complex manifolds.

Proof. See [Hai08, Proposition 5.4.] �

Analogously to what we did above we also consider g2, g3 and ∆
as holomorphic functions on the upper half-plane and moreover g̃2 :=
60G̃4 and g̃3 := 140G̃6 and ∆̃ := g̃3

2 − 27g̃2
3 as holomorphic functions

on the unit disc, respectively. Keep in mind, that

g̃2(0) =
4

3
π4,

g̃3(0) =
8

27
π6,

g̃′2(0) = 320π4,

g̃′3(0) = −448

3
π6.

3.2. A universal family of cubic curves. In this subsection we want
to reach an explicit description of the family f : W → D mentioned
in the introduction of this section. For every q ∈ D we define the
homogeneous polynomial

Pq(x, y, z) := −y2z + 4x3 − g̃2(q)xz2 − g̃3(q)z3,

and the analytic subset of P2
C ×D

W := {([x : y : z], q) ∈ P2
C ×D | Pq(x, y, z) = 0}.

Further more let
f : W → D

([x : y : z], q) 7→ q.

Remark 3.6. Note that the family f : W → D naturally arises in theory
of moduli spaces of elliptic curves (see [Hai08, 5.6.]). We will come back
to it later.

In the chart Ux×D the total space W is given as the zero set of the
holomorphic function

gx : Ux ×D→ C ; ([x : y : z], q) 7→ Pq

(
1,
y

x
,
z

x

)
.

Analogously for Uy and Uz. Note that P2
C × D is a three-dimensional

complex manifold with holomorphic atlas {φx, φy, φz}, where
φa := ψa × IdD for a ∈ {x, y, z}.
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In Order to show that W is a two-dimensional submanifold of P2
C ×D

and that f is a submersion in every but one exceptional point, we will
use the following purely technical lemmas.

Lemma 3.7. Let p ∈ W with p 6= ([π2 : 0 : −3], 0). Then there exists
a coefficient a ∈ {x, y, z} so that the first two entries of the jacobian

Jga◦φ−1
a

(φa(p))

do not vanish simultaneously.

Proof. For p = ([x : y : z], q) with x 6= 0 we consider

gx ◦ φ−1
x : (Y, Z, q) 7→ −Y 2Z + 4− g̃2(q)Z2 − g̃3(q)Z3.

For (Y, Z, q) := φx(p) = (y/x, z/x, q) it follows that

Jgx◦φ−1
x

(φ(p)) =

 −2Y Z
−Y 2 − 2g̃2(q)Z − 3g̃3(q)Z2

−g̃2
′(q)Z2 − g̃3

′(q)Z3

t

and gx ◦ φ−1
x (Y, Z, q) = Pq(1, Y, Z) = 0. Note that Z 6= 0, since Z =

z = 0 implies the contradiction

0 = Pq(x, y, 0) = 4x3.

Since Y 6= 0 implies (gx◦φ−1)Y (φ(p)) 6= 0 it remains to consider Y = 0.
For q = 0 it follows (gx◦φ−1

x )Z(φ(p)) 6= 0, because (gx◦φ−1
x )Z(φ(p)) = 0

implies

0 =
8

3
π4 +

8

9
π6Z

and hence p = ([π2 : 0 : −3], q). For q 6= 0 assume (gx◦φ−1)Z(φ(p)) = 0.
Then

Z = −2 ˜g2(q)

3 ˜g3(q)

implies

0 = Pq(1, Y, Z) = 4− 4g̃2(q)3

9 ˜g3(q)
2 +

8 ˜g2(q)3

27 ˜g3(q)
= 4− 4 ˜g2(q)

27g̃3(q)
,

which is equivalent to the contradiction

∆̃(q) = g̃2(q)3 − 27g̃3(q) = 0.

For p = ([x : y : z], q) with x = 0 and y 6= 0 we consider

gy ◦ φ−1
y : (X,Z, q) 7→ −Z + 4X3 − g̃2(q)XZ2 − g̃3(q)Z3.

11



For (X,Z, q) := φy(p) = (x/y, z/y, q) it follows

Dgy◦φ−1
y

(φ(p)) =

 12X2 − g̃2(q)Z2

−1− 2g̃2(q)XZ − 3g̃3(q)Z2

−g̃2
′(q)XZ2 − g̃3

′(q)Z3

t

=

 −g̃2(q)Z2

−1− 3g̃3(q)Z2

−g̃3
′(q)Z3

t

and gy ◦ φ−1
y (X,Z, q) = Pq(X, 1, Z) = 0. Assume

−g̃2(q)Z2 = −1− 3g̃3(q)Z2 = 0

and in particular Z 6= 0. Then the equality

−1

3
= g̃3(q)Z2

implies the contradiction

Pq(0, 1, Z) = −2

3
Z = 0.

For p = ([x : y : z], q) with x = y = 0 and z 6= 0 we consider

gz ◦ φ−1
z : (X, Y, q) 7→ −Y 2 + 4X3 − g̃2(q)X − g̃3(q).

For (X, Y, q) := φy(p) = (x/z, y/z, q) it follows

Dgy◦φ−1
y

(φ(p)) =

12X2 + g̃2(q)
−2Y
−g̃2

′(q)X

t

=

g̃2(q)
0
0

t

and gz ◦ φ−1
z (X, Y, q) = Pq(X, Y, 1) = 0. For q 6= 0 assume g̃2(q) = 0.

Then the equality

Pq(X, Y, q) = g̃3(q) = 0

implies the contradiction ∆̃(q) = 0. Since g̃2(0) 6= 0 this proves the
lemma. �

Lemma 3.8. Let X be a complex manifold of dimension n ∈ Z>0 and
k ∈ {1, . . . , n} and

f = (f1, . . . , fn−k) : X → Cn−k

holomorphic, with

rkf (p) = rk(Tpf) = n− k for all p ∈ A := {p ∈ X | f(p) = 0}.

Then

Tpι(TpA) = Ker(Tpf) ⊂ TpX,

where ι : A ↪→ X denotes the embedding of the submanifold A into X.
12



Proof. Let p ∈ A, [ϕ, v] ∈ TpA and ψ a chart of X at p. Then

Tpf(Tpι([ϕ, v]) = Tpf([ψ,Dψ◦ϕ−1(ϕ(p))])

= [id,Df◦ψ−1(ψ(p))Dψ◦ϕ−1(ϕ(p))v])

= [id,Df◦ϕ−1(ϕ(p))v]

= [id, 0].

Therefore Tpι(TpA) ⊂ Ker(Tpf). Since

dim(Tpι(TpA)) = dim(Ker(Tpf)) = k,

this proves the proposition. �

Proposition 3.9. The analytic set W is a two-dimensional complex
submanifold of P2

C ×D.

Proof. As a result of lemma 3.7, W is regular of codimension one at
every point but p = ([π2 : 0 : −3], 0). For p

(gx ◦ φ−1
x )q(φ(p)) = −g̃′2(0)

(
− 3

π2

)2

−g̃′3(0)

(
− 3

π2

)3

= −320 · 9− 448 · 9 6= 0

implies that W is regular of codimension one at p, which proves the
proposition. �

Proposition 3.10. The projection map

f : W → D ([x : y : z], q) 7→ q

is a proper holomorphic surjection. Furthermore for p = ([x : y :
z], q) 6= ([π2 : 0 : −3], 0) it is a submersion at p.

Proof. Obviously f is a holomorphic surjection. Since P2
C is compact

(see [FG02, p.209]) the projection to the disc

Pr = PrD : P2
C ×D→ D

is proper. SinceW ⊂ P2
C×D is closed, [FG02, IV 6.1.] implies that f =

Pr|W is proper. Now let ι : W1 ↪→ P2
C × D be the obvious embedding.

Note that for every p ∈ P2
C ×D, we have

TpPr : [φ, (w1, w2, w3)] 7→ [id, w3].

By definition f is a submersion at p if Tpf is surjective. Since the
tangent space of D at q is of dimension one, we only have to check that
Tpf is not the zero map. The chain rule for jacobians implies that Tpf =
TpPr ◦Tpι, so that we only have to show that Tpι(TpW ) 6⊂ Ker(TpPr).
According to lemma 3.7 there exists a coefficient a ∈ {x, y, z} such that
the first two entries of the jacobian

Jga◦φ−1
a

(φa(p))

13



do not vanish simultaneously. Applying

Tpga : [φ, v] 7→ [id, Jga◦φ−1
a

(φa(p))v]

and Lemma3.8 yields

Tpι(TpW1) = ker(Tpga) 6⊂ ker(TpPr).

�

The fundamental theorem of algebra implies that no fiber of f is
empty. Therefore [FG02, IV 1.17] implies that the fibers of f over non-
zero base points are complex submanifolds ofW . In remark 3.6 we have
already mentioned that these fibers are elliptic curves or complex tori,
if you will. More precisely we are able to determine the equivalence
class of the elliptic curve.

Proposition 3.11. For f−1(q) with q ∈ D, there are two possibilities:
(1) For q 6= 0 the fiber f−1(q) corresponds to the elliptic curve

EΛτ , where τ ∈ H is any element of the upper half-plane with
e2πiτ = q.

(2) The fiber f−1(0) is a cubic curve with one node.

Proof. Ad(1): Since e2πiτ = q, we have that

g2(τ) = g̃2(q) and g3(τ) = g̃3(q)

and hence

f−1
1 (q) = {[x : y : z] ∈ P2

C | y2z = 4x3 − g2(τ)xz2 − g3(τ)z3} × {q}
' EΛτ .

Ad (2): According to section 3.1 f−1(0) is given by

y2 = 4x3 − 4

3
π4x− 8

27
π6 = 4x3 + b2x

2 + 2b4x+ b6

Using Weierstrass equations along [Sil94, p.42] we compute

c4 = b2
2 − 24b4 = 16π4 = (2π)4

c6 = b3
2 + 36b2b4 − 216b6 = 216

8

27
π6 = 64π6 = (2π)6

and

∆ =
c3

4 − c2
6

1728
=

(2π)12 − (2π)12

1728
= 0.

Therefore [Sil94, Prop.1.4.] implies the claim. �

Remark 3.12. According to [Hai08, 1.17.] every elliptic curve in P2
C is

isomorphic to one of the form EΛτ with τ ∈ H. Moreover two elliptic
curves EΛτ and EΛτ ′

are isomorphic if and only if there exist complex
numbers a, b, c, d ∈ C with ad− bc = 1 such that

τ ′ =
aτ + b

cτ + d
.
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In conclusion every isomorphy class of an elliptic curve is represented
in the family f : W → D.

3.3. A family of complex tori. In order to increase understanding
of W , [DKZ15b] identifies f−1(D∗) with the Hopf manifold obtained
from the Z-action on C∗ ×D∗ defined by

n ◦ (z, q) := (zqn, q).(3)

Lemma 3.13. The group (Z,+) acts freely and properly discontinu-
ously on C∗ ×D∗ by virtue of 3.

Proof. Let n,m ∈ Z and (z, q) ∈ C∗ × D∗ with n ◦ (z, q) = m ◦ (z, q);
that is

(qnz, q) = (qmz, z).

Therefore
qn−m = 1,

which implies n = m. Now let (z1, q1), (z2, q2) ∈ C∗ × D∗ and ε > 0
such that

U := Dε(z1, q1), V := Dε(z2, q2) ⊂ C∗,
where Dε(zi, qi) denotes the open disc around (zi, qi) with radius ε for
i = 1, 2. Furthermore let δ > 0 such that Dδ(qi) ⊂ D∗ for i = 1, 2. For
n ∈ Z>0 every element (z, q) ∈ n ◦ U satisfies

|z| = |qn1 z1| < (|z1|+ ε1)(|q1|+ δ)n.

Since (|q1|+δ)n → 0 for n→∞ it follows that n◦U will not meet V for
sufficiently large n. Vice versa for n ∈ Z<0 every element (z, q) ∈ n ◦U
satisfies

(|z1| − ε1)(|q1|+ δ)n < |qn1 z1| = |z|.
Since (|q1|+ δ)n →∞ for n→ −∞ it follows that n ◦ U will not meet
V for sufficiently small n. �

Applying [FG02, IV 5.5.] to this situation yields the following corol-
lary.

Corollary 3.14. The topological quotient W ′ := C∗×D∗ /Z carries the
structure of a two-dimensional complex manifold, such that the natural
projection map p : C∗ × D∗ → W ′ defines an unbranched holomorphic
covering map.

In particular for every point [z, q] ∈ W ′ there exists an open neigh-
borhood U = U([z, q]) ⊂ W ′ such that ϕ : U → C2 with p ◦ ϕ = idU is
a local chart forW ′ at [z, q]. Since the action does not affect the second
coordinate, the projection to the punctured unit disc C∗ × D∗ → D∗

yields a surjective holomorphic submersion f ′ : W ′ → D∗. Again by
[FG02, IV 1.17.] every fiber of f ′ is a complex submanifold of W ′.
More precisely we have the following proposition:

15



Proposition 3.15. For every q ∈ D∗ the fiber (f ′)−1(q) ⊂ C∗ ×
D(0, %)/Z is biholomorphically equivalent to the one dimensional com-
plex torus C/Λτ , where τ is any complex number in the upper half-plane
with e2πiτ .

Proof. Obviously f−1(q) can be identified with the quotient C∗/Z,
where Z acts freely and properly discontinuously on C∗ by

n · ω = qnω for ω ∈ C∗.

There is a biholomorphic group isomorphism C/Z → C∗ which can
be constructed using universal property of abelian groups along the
commutative diagram

C
exp //

!!

C∗

C/Z,
∼

exp

<<

with exp(z) := e2πiz. The preimage of an element ω ∈ C∗ is given by
z+Z ∈ C/Z for any z ∈ C satisfying exp(z) = ω. Note that the inverse
mapping is holomorphic since C∗ can be covered by open subsets each
of whom admitting a holomorphic logarithm. Now fix τ ∈ exp−1(q).
Then the action on C∗ translates to C/Z as

n · (z + Z) = nτ + z + Z.

Obviously

(C/Z)/Z ∼= C/(Z + τZ).

Therefore the latter diagram extends to the commutative diagram

C
exp //

  

C∗ // C∗/Z

C/Z

˜exp

OO

// C/Z + τZ,

˜exp

OO

which gives a biholomorphic map C/Z + τZ→ C∗/Z. �

In conclusion we can identify every fiber (f ′)−1(q) with the fiber
f−1(q). Varying this identifications along D∗ provides an identification
of W ′ with the restriction f−1(D∗) of W to D∗. More precisely:

Proposition 3.16. For q ∈ D∗ let αq ∈ Hol((f ′)−1(q), f−1(q)) be the
biholomorphism identifying (f ′1)−1(q) with f−1

1 (q). Then

α : W ′ ↪→ W [z, q] 7→ αq([z, q])

16



embedds W ′ into W such that the diagram of complex manifolds

W ′ α //

f ′1
��

W

f1
��

D∗ // D

commutes.

Proof. Obviously α is weakly holomorphic in complex coordinates.
Therefore Osgood’s theorem [FG02, I .4.3.] proves that α is holomor-
phic. Obviously α is injective. Therefore [FG02, I .8.5.] implies that
the jacobian of α in complex coordinates does not vanish. Therefore
the inverse mapping theorem [FG02, I. 7.5] proves the proposition. �

3.4. DKZ-Manifolds. Having the previous sections in mind we will
now follow [DKZ15b, Chapter 2] to construct the DKZ-manifolds. We
start with non-negative numbers %0, %1 and %2 satisfying

1 < %2 < %−1
1 < %−1

0 ≤ ∞.

According to [DKZ15b] the first goal is to embed D(1, %2)×D(%1)∗ into
W ′ and hence into W . In order to reach this goal we define the binary
relations

ϕ : D∗ → C∗

q 7→ exp

(
(log q)2

4πi
− log q

2

)
and

φ : D(1, %2)×D∗ → C∗ ×D∗

(z, q) 7→ (zϕ(q), q),

where log q is any natural logarithm of q. Note that ϕ and φ are no
maps, because the natural logarithm can not be chosen uniquely on D∗

as a holomorphic function. Anyhow, the behavior of φ under varying
the choice of the natural logarithm provides the following lemma.

Lemma 3.17. The binary relation

π ◦ φ : D(1, %2)×D∗ → W ′

(z, q) 7→ [zϕ(q), q]

is a holomorphic embedding.

Proof. In order to check that π ◦ φ is a map it is necessary and suf-
ficient to check that π ◦ φ does not depend on the choice of the nat-
ural logarithm. Let (z, q) ∈ D(1, %2) × D∗ and log, log′ natural log-
arithms defined at q. Then there exists an integer k ∈ Z such that

17



log(q) = log′(q) + 2πik. Therefore

z exp

(
(log q + 2πik)2

4πi
− log q + 2πik

2

)
= z exp

(
(log q)2 + 4πik log q + 4π2i2k2

4πi
− log q + 2πik

2

)
= z exp

(
(log q)2

4πi
− log q

2
+ k log q + πik2 − πik

)
= z exp

(
(log q)2

4πi
− log q

2
+ k log q

)
= z exp

(
(log q)2

4πi
− log q

2

)
qk.

In conclusion [zϕ(q), q] is uniquely determined. Furthermore π ◦ φ
is holomorphic since D(%1)∗ can be covered by open subsets each of
whom admitting a holomorphic logarithm. Now let (z1, q), (z2, q) ∈
D(1, %2) × D∗ with π ◦ φ(z1, q) = π ◦ φ(z2, q). Then there exists an
integer n ∈ Z such that z1 = z2q

n. Assume that n 6= 0. For n > 0 we
have |qn| < %n1 and hence

|z2q
n| < %2%

n
1 < 1,

where the last estimation follows from

%2 < %−1
1 < (%−1

1 )n.

For n < 0 we have that

%2 < %n1 < |qn| < |z2q
n|.

Therefore n 6= 0 implies the contradiction z1 /∈ D(1, %2). Since the
dimensions of the complex manifolds D(1, %2) × D∗ and W ′ are both
two, we are done (again by applying [FG02, I .8.5.] and [FG02, I. 7.5]
as in the proof of proposition 3.16). �

In particular the image of D(1, %2) × D∗ in W is a two dimensional
complex submanifold of W or simply an open subset, if you will. Now
we denote the restriction of W to D(%1) by

W1 = f−1(D(%1))

and the restriction of W ′ to D(%1)∗ by

W ′
1 = (f ′)−1(D(%1)∗).

Note that

π ◦ φ(D(1, %2)×D(%1)∗) ⊂ W ′
1.

Furthermore we define V1 to be the image of D(1, %2)×D(%0, %1) inW1;
that is

V1 = α ◦ π ◦ φ(D(1, %2)×D(%0, %1)).

18



Finally we define

V2 := D(1, %2)×D(%−1
1 , %−1

0 )

and

W2 := D(1, %2)×D(%−1
0 )∗.

Now the following lemma will allow us to define the DKZ-manifolds.

Lemma 3.18. Let j : V1 → V2 be the biholomorphic map corresponding
to

ι : D(1, %2)×D(%0, %1)→ V2

(z, q) 7→ (z, q−1).

Then, up to biholomorphism, the gluing

W1 ∪j W2

only depends on the parameters %1 and %2.

As a set W1 ∪j W2 is defined to be

W1 × {W1} ∪W2 × {W2}/ ∼j,
where ∼j denotes the equivalence relation induced by the formula

(x,W1) ∼j (j(x),W2),

whenever this makes sense. It becomes a complex manifold of dimen-
sion two by applying [FG02, IV 1.18.].

Proof. Since the embeding π ◦ φ does not depend on %0 it is enough to
show that the gluing

D(1, %2)×D(%1)∗ ∪ιW2

does not depend on %0 up to biholomorphism. In order to do so note
that every z ∈ C \ D(%−1

0 ) satisfies z−1 ∈ D(%1), because |z| ≥ %−1
0

implies |z| > %−1
1 and hence %1 < |z−1|. Now let

h : D(%0, %1)→ D(%−1
1 , %−1

0 )

q 7→ q−1.

Then we have that

P1C \ {[1 : 0]} → D(%1)∗ ∪h D(%−1
0 )

[x : y] 7→

{
[xy−1,D(%−1

0 )] if xy−1 ∈ D(%−1
0 )

[xy−1,D(%1)∗] else

is a biholomorphic map. Note that the inverse map is given by

[q,D(%−1
0 )] 7→ [q : 1]

[q,D(%1)∗] 7→ [1 : q].
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In conclusion the gluing D(1, %2) × D(%1)∗ ∪ι V2 is essentially biholo-
morphically equivalent to

D(1, %2)× (P1
C \ {[1 : 0]}).

�

Definition 3.19. The DKZ-manifold with respect to %1 and %2 is de-
fined to be the gluing

E(%1, %2) := W1 ∪j W2.

Note that the projections f1 := f|W1 and f2 : W2 → D(%0) can be
considered as surjective holomorphic submersions on open subsets of
E(%1, %2). By construction they coincide on the intersection. Therefore
we get a surjective holomorphic suurjection

g : E(%1, %2)→ P1
C = D(%1) ∪h D(%−1

0 )

[((x, y, z), q),W1] 7→ f1((x, y, z), q) = [1 : q]

[(z, q),W2] 7→ f2(z, q) = [q : 1],

which is a submersion in all point of E(%1, %2) but ([π2 : 0 : −3], 0).

Remark 3.20. The fibers of g are the fibers of f1 or f2 respectively. We
have already seen that every one-dimensional complex torus can be em-
bedded inW , namely as a fiber of f . Since %1 can be chosen arbitrarily
close to 1 we find a manifold W1 so that the torus is embedded in W1

and hence in E(%1, %2) for any compatible %2. Recall that all fibers
of the manifolds constructed by Calabi and Eckmann are equivalent.
Therefore this is a huge difference to the DKZ-manifolds.

As mentioned in the introduction, the DKZ-manifolds are of a very
unique kind. A very remarkable property is quoted in the following
proposition.

Proposition 3.21. Every DKZ-manifold E = E(%1, %2) is diffeomor-
phically but not biholomorphically equivalent to C2 = R4.

Sketch of proof. Note that [DKZ15a, p.7] contains a proof that E is
diffeomorphically equivalent to R4. According to [DKZ15b, Theorem
II] no DKZ-manifold can holomorphically be embedded into a com-
pact complex manifold. Since it is crucial that C2 is embedded in the
compact complex manifold P2

C it follows that E can not be biholomor-
phically equivalent to C2.
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4. The Cohomology of DKZ-Manifolds

According to [DKZ15b, Theorem III] the Picard group of each DKZ-
manifold E = E(%1, %2) is uncountable. In this section we will slightly
improve this result by proving that it is of infinite dimension, when
considered as a complex vector space. Note that is not clear à-priori
that the Picard group carries the structure of a complex vector space.

4.1. Review on line bundles and Čech cohomology.

4.1.1. Picard Group. Let X be a complex manifold of dimension n ∈
Z>0. Recall that every line bundle π : L → X over X is uniquely
determined by its family of transition functions. It is possible to inter-
pret isomorphisms of line bundles in terms of this family (see [FG02,
p.175]). We quote this as a lemma.

Lemma 4.1. Two line bundles π′ : L
′ → X and π

′′
: L

′′ → X on
X given by transitions functions (g

′

αβ)(α,β)∈A2
1
and (g

′′

αβ)(α,β)∈A2
2
over

open covers U1 = {U1
α | α ∈ A1} and U2 = {U2

α | α ∈ A2} of X are
isomorphic as line bundles on X if and only if there exists a common
refinement U3 = {U3

α | α ∈ A2} together with refinement maps τ31,τ32

and a family (hα)α∈A3 of nowhere vanishing holomorphic functions over
U3 such that

hαg
(1)
τ31(α)τ31(β) = g

(2)
τ32(α)τ32(β)hβ on U (3)

αβ for all α, β ∈ A3.

This gives an interpretation of the Picard group Pic(X) of X as the
set of all families of transition functions over open covers of X modulo
the equivalence relation defined by lemma 4.1. We will denote the class
of a line bundle π : L → X over X in Pic(X) by [L]. Moreover we
denote the line bundle given by a family (gαβ)αβ by L(gαβ). The group
structure is obtained by multiplying the defining transition functions
pointwise on a common refinement.

4.1.2. Sheaves. Let X be a complex manifold of dimension n ∈ Z>0.
We denote the topology of X by τX and furthermore for every x ∈ X
the set of open subsets of X containing x by τX,x. Let ϕ : F → G be
a morphism of sheaves of abelian groups (respectively complex vector
spaces) on X. Then for every open subset U ⊂ X we have a group
homomorphism

ϕ(U) : F(U)→ G(U)

which is compatible with the restriction maps. The stalk Fx of F at a
point x ∈ X is defined to be the inductive limit of all systems of local
sections at x ordered by inclusion; that is

Fx := colim
U∈τX,x

F(U) :=
⊔

U∈τX,x

F(U)
/
∼,
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where t denotes the disjoint union ∼ denotes the equivalence relation
induced by the formula

(f, U) ∼ (f|V , V )

where f|V denotes the restriction of f to V . The elements in this
limit are usually denoted by fx := [(f, U)]x. Note that Fx is equipped
with the structure of an abelian group in the obvious way and that
the morphism ϕ induces a group homomorphism (homomorphism of
complex vector spaces, respectively)

ϕx : Fx → Gx
[(f, U)]x 7→ [(ϕ(U)(f), U)]x

(see [Har06, p.63]).

Definition 4.2 (Short exact sequence of sheaves). A sequence

0→ F f→ G g→ H→ 0

of morphisms of sheaves of abelian groups (respectively complex vector
spaces) on X is said to be short exact if the induced sequence

0→ Fx → Gx → Hx → 0

is short exact for every x ∈ X.

Example 4.3. Let ZX be the sheaf of locally constant holomorphic
functions on X with values in Z. Furthermore let OX be the sheaf of
holomorphic functions and O∗X the sheaf of nowhere vanishing holo-
morphic functions on X, respectively. For U ∈ τX define

ι(U) : ZX(U)→ OX(U)

f 7→ f

and

exp(U) : OX(U)→ O∗X(U)

f 7→ e2πif .

Then the sequence

0→ Z ι→ OX
exp→ O∗X → 0

is a short exact sequence of sheaves. Obviously ιx is injective for all
x ∈ X. Now let [(f, U)]x ∈ O∗X,x. Without loss of generality we assume
that U admits a holomorphic logarithm, say log. Then [(log(f), U)]x is
a preimage of [(f, U)]x in OX,x.
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4.1.3. Čech Cohomology. In this subsection we want to achieve a rep-
resentation of the Picard group of a complex manifold as a cohomology
group. Concerning [Gun15, Chapter 3] we assume the notion of Čech
cohomology. In particular let X be a complex manifold with open cover
U = {Ui | i ∈ I}, F a sheaf of abelian groups (respectively complex
vector spaces) on X and q ∈ Z≥0 a non-negative integer. Then we
denote the q-th coboundary operator with respect to U and coefficients
in F by δq = δqU ,F . Therefore the q-th Čech cohomology group with
respect to U and coefficients in F is given by

Ȟ
q
(U ,F) =

ker(δq)

Im(δq−1).

Hence the absolute q-th Čech cohomology group of X with coefficients
in F is given by the inductive limit

Ȟ
q
(X,F) = colim Ȟ

q
(U ,F).

Recall that the inductive system is given by all open coverings of X
ordered by refinements. Moreover for any morphism of sheaves ϕ :
F → G on X we denote the induced homomorphism by Ȟ

q
(ϕ).

Lemma 4.4. The assignment

Ȟ
1
(X,O∗X)→ Pic(X)[

(sαβ)α,β∈I2 · Im(δ0
Ui,O∗X

)
]
7→ [L(sαβ)]

defines an ismorphism of abelian groups.

Proof. Essentially the proof follows from construction and the repre-
sentation of the Picard group provided in 4.1.1. For a more explicit
proof see [Deb05, 5.9.]. �

Theorem 4.5 (A long exact sequence). Let

0→ F f→ G g→ H→ 0

be a short exact sequence of sheaves of abelian groups (respectively, com-
plex vector spaces) on X. Then for every q ∈ Z≥0 there exists a group
homomorphism (respectively complex vector space homomorphism)

δq : Ȟ
q
(X,H)→ Ȟ

q+1
(X,F),

such that the sequence

0→ Ȟ
0
(X,F)

Ȟ
0
(f)→ Ȟ

0
(X,G)

Ȟ
0
(g)→ Ȟ

0
(X,H)

δ0→ . . .

. . . Ȟ
1
(X,F)

Ȟ
1
(f)→ Ȟ

1
(X,G)

Ȟ
1
(g)→ Ȟ

1
(X,H)

δ1→ . . .

is a long exact sequence of cohomology groups respectively complex vec-
tor spaces).

Proof. See [Gun15, Chapter 3 Theorem 1]. �
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Theorem 4.6. (Mayer-Vietoris Sequence) Let X = U ∪ V be an open
covering of X by two open subsets. Then there exists a long exact
sequence of cohomology groups

0→ Ȟ
0
(X,F)→ Ȟ

0
(U,F|U)⊕ Ȟ

0
(V,F|V )→ Ȟ

0
(U ∩ V,F|U∩V ) . . .

. . .→ Ȟ
1
(X,F)→ Ȟ

1
(U,F|U)⊕ Ȟ

1
(V,F|V )→ . . .

Here the sheaf F|U is simply the sheaf that assigns to W ⊂ U open
the group F(W ) (see [Har06, p. 65]).

Sketch of proof. One easily convinces oneself that the set of all bases of
the topology of X together with the ordering defined on the set of open
covers form a cofinal system of open coverings. This means that we
can also form the direct limit over this family of open coverings instead
of considering all open covers. Now let U = {Uα | α ∈ A} be a basis of
the topology of X. For any W ∈ τX we denote

AW := {α ∈ A | Uα ⊂ W}.
It is easy to see that (U)|W := {Uα | α ∈ AW} is a basis of W and
conversely that every basis of W is of this form. Now the sequence

0→ Cq(U ,F)→ Cq((U)|U ,F)⊕ Cq((U)|V ,F)→ Cq((U)|U∩V ,F)→ 0

defined by

(sα)α∈Aq+1 7→
(

(sα)α∈Aq+1
U
, (sα)α∈Aq+1

V

)
and (

(sα)α∈Aq+1
U
, (tα)α∈Aq+1

V

)
7→ (sα)α∈Aq+1

U∩V
− (tα)α∈Aq+1

U∩V

is a short exact sequence of abelian groups. One can check that these
sequences are compatible with the coboundary operators, so they in-
duce a short exact sequence of complexes of abelian groups

0→ C•(U ,F)→ C•((U)|U ,F)⊕ C•((U)|V ,F)→ C•((U)|U∩V ,F)→ 0.

Using the snake lemma one can construct transition homomorphisms

η : Hq((U)|U∩V ,F)→ Hq+1(U ,F).

Obviously everything is compatible with refinements so that all of the
latter homomorphism induce the sequence.

For an explicit proof for singular cohomology see [Hat01, p.203]. This
proves the theorem for Čech cohomology, too (see [PS08, B.15]).

Remark 4.7. Note that the Mayer-Vietoris sequence starts with

F(X)→ F(U)⊕F(V ) f 7→ (f|U , f|U)

and

F(U)⊕F(V )→ F(U ∩ V ) (f, g) 7→ f|U∩V − g|U∩V .
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4.2. The Cohomology of DKZ-manifolds. In this subsection we
will prove our main result; that is that the Picard group of every DKZ-
manifold is of infinite dimension, when considered as a complex vector
space. Note that is not clear jet that the Picard group carries the
structure of a complex vector space. It is remarkable that the coho-
mology of sheafs that do not depend on the complex structure of the
DKZ-manifolds are well known to be the cohomology groups of R4. We
start with some technical lammas.

Lemma 4.8. Let G,G′ ⊂ C be open domains in the complex plane,
f ∈ O(G×G′) and % > 0. Assume that {ζ ∈ C | |ζ| = %} ⊂ G′. Then
for every n ∈ Z the function

cn : G→ C z 7→ 1

2πi

∮
γ

f(z, ζ)

ζn+1
dζ

with

γ : [0, 1]→ C t 7→ e2πi

is holomorphic.

Proof. Let z0 ∈ G and (ak)k∈N be a sequence in C \ {0} with ak → 0 as
k →∞. Since G is open we find an ε > 0 such that Dε(z0) ⊂ G. Since
the sequence (ak)k is convergent, we find a positive integer K ∈ Z>0

such that ak+z0 ∈ Dε(z0) for k ≥ K. Now we fix k0 ≥ K and t ∈ [0, 1].
We define

ϕt : Dε(z0)→ C z 7→ f(z, γ(t))

and

η : [0, 1]→ Dε(z0) s 7→ z0 + sak.

Then we have

| f(z0 + ak, γ(t))− f(z0, γ(t))| =| ϕt(z0 + ak)− ϕk(z0) |

=

∣∣∣∣∮
η

ϕ′t(ζ)dζ

∣∣∣∣
≤
∮
η

∣∣ϕ′t(ζ)
∣∣dζ

≤ sup
ζ∈Dε(z0)

| ϕ′t(ζ)
∣∣|ak|.

Now define

L(t) := sup
ζ∈Dε(z0)

| ϕ′t(ζ)
∣∣|ak|.
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This is a continuous function on the bounded set [0, 1]. Therefore it is
integrable. Now the theorem of Lebesgue (see [For17, 5.3.]) implies

lim
k→∞

1∫
0

∣∣∣∣f(z0 + ak, γ(z))

ak
− d

dz
f(z0, γ(t))

∣∣∣∣dt
=

1∫
0

lim
k→∞

∣∣∣∣f(z0 + ak, γ(z))

ak
− d

dz
f(z0, γ(t))

∣∣∣∣dt = 0.

Finally we conclude∣∣∣∣cn(z0 + ak)− cn(z0)

ak
− 1

2πi

∮
|ζ|=%

1

ζn+1

d

dz
f(z0, ζ)dζ

∣∣∣∣
≤

1∫
0

∣∣∣∣f(z0 + ak, γ(t))− f(z0, γ(t)

ak
− d

dz
f(z0, γ(t))

∣∣∣∣dt
which vanishes for k →∞. �

Corollary 4.9. Let G ⊂ C be an open domain in the complex plane
and 0 < r < R. Then

(1) For all f ∈ O(G × D(r, R)) there exists a sequence (cn)n∈Z in
O(G) such that

f(z, q) =
∞∑

n=−∞

cn(z)qn for all (z, q) ∈ G×D(r, R).

Furthermore for every z0 ∈ G the sequences
∞∑
n=0

c−n(z0)q−n and
∞∑
n=

cn(z0)qn

have radii of convergence r−1 and R, respectively.
(2) For all g ∈ O(G × D(R)) there exists a sequence (bn)n∈Z≥0

in
O(G) such that

g(z, q) =
∞∑
n=0

bn(z)qn for all (z, q) ∈ G×D(R).

Furthermore for every z0 ∈ G the sequence
∞∑
n=0

bn(z0)qn

has radius of convergence R.

Proof. This is an immediate consequence of lemma 4.8 together with
the Laurent expansion theorem [Fre06, III 5.2.] and the power series
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expansion theorem for holomorphic functions[Fre06, III 2.2.], respec-
tively. �

Lemma 4.10. Let %1 be a positive number with 0 < %1 ≤ 1 and g ∈
O(W1). Then there exists a holomorphic map h ∈ O(D(%1)), such that
the diagram

W1

g
  

f1 // D(%1)

h||
C

commutes.

Proof. Every fiber of f1 is essentialy a cubic curve in P2
C and therefore

compact as a closed set in the compact space P2
C. Since g restricted to

such a fiber is still holomorphic it is constant by the maximum principle
(see [FG02, I 4.11.]). Therefore we can define h to be

h(q) := g([x, y, z], q),

where [x : y : z] is any solution of Pq(x, y, z) = 0. In order to conclude
that h is holomorphic note that proposition 3.10 together with the
fundamental theorem of algebra implies that every fiber f−1

1 (q0) of
f1 contains a point ([x0 : y0 : z0], q0) at which f1 is a submersion.
Therefore [FG02, IV 1.16.] yields the existence of a local holmorphic
section s0 for f1 on an open neighborhood U = U(q0) ⊂ D(%) of the
base point q0. Now we can conclude that h|U = g|s0(U)◦s is holomorphic
on U . Since q0 has been chosen arbitrarily this proves the Lemma. �

Lemma 4.11. Let %1 and %2 be positive numbers so that 1 < %2 <
%−1

1 <∞. Furthermore let ZX be the sheaf of locally constant functions
with values in Z on E = E(%1, %2). Then

Ȟ
q
(E,Z) = {0}

for every q > 0.

Sketch of proof. It is well known that Čech cohomology and singular co-
homology coincide for paracompact Hausdorff spaces (see [PS08, B.15])
and hence for complex manifolds. Furthermore the singular cohomol-
ogy of E only depends on the homotopy class of the E (see [Hat01,
p. 201]). We have already seen that E is diffeomorphically equivalent
to R4 which is homotopy equivalent to the one point space. Obviously
the cohomology groups of the one point space are trivial.

Corollary 4.12. Let %1 and %2 be positive numbers so that 1 < %2 <
%−1

1 < ∞ and E := E(%1, %2). Then there exists an isomorphism of
abelian groups

Ȟ
1
(E,OE) ' Ȟ

1
(E,O∗E).
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Proof. Consider the short exact exponential sequence on E from exam-
ple 4.3

0→ Z→ OE → O∗E → 0.

By theorem 4.5 we get an exact sequence

Ȟ
1
(E,Z)→ Ȟ

1
(E,OE)→ Ȟ

1
(E,O∗E)→ Ȟ

2
(E,Z).(4)

Therefore Lemma 4.11 implies the desired result. �

Note that Ȟ
1
(E,OE) carries the structure of a complex vector space.

Furthermore the abelian group of this vector space is isomorphic to
Ȟ

1
(E,O∗E). Therefore there is a unique structure of a complex vector

space on Ȟ
1
(E,O∗E) such that the isomorphism from equation 4 is an

isomorphism of complex vector spaces.

Theorem 4.13. Let %1 and %2 be positive numbers so that 1 < %2 <
%−1

1 < ∞. Furthermore let E := E(%1, %2). Then the Picard group of
E is of infinite dimension, when considered as a complex vector space.

Proof. Fix a non-negative real number %0 satisfying

1 < %2 < %−1
1 < %−1

0 ≤ ∞
and let

V := D(1, %2)×D(%0, %1).

Furthermore let ι1 and ι2 be the inclusions embedding V into W1 and
W2, respectively. According to the Mayer-Vietoris sequence (theorem
4.6) we get an exact sequence

O(W1)⊕O(W2)
ι∗1−ι∗2−→ O(V ) −→ Ȟ

1
(E,OE).

of complex vector spaces. Therefore there exists an injective vector
space homomorphism

O(V )

(ι∗1 − ι∗2)(O(W1)⊕O(W2))
→ Ȟ

1
(E,OE).

Hence it is enough to show that the quotient is of infinite dimension.
Let φ ∈ O(V ). Then corollary 4.9 implies the existence of a sequence
(cn)n∈Z in O(D(1, %2)) such that

φ(z, q) =
∞∑

n=−∞

cn(z)qn for all (z, q) ∈ D(1, %2)×D(%0, %1).

Note that for every z0 ∈ D(1, %2) the series
∞∑
m=0

cn(z0)(q−1)m and
∞∑
n=1

cn(z0)qn(5)

have radii of convergence %−1
0 and %1 respectively. Vice versa every

sequence (cn)n∈Z in O(D(1, %2)) so that the sequences in 5 have radii of
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convergence greater than %−1
0 and %1, respectively, defines an element

in O(V1). Now let α ∈ O(W1). Then lemma 4.10 implies the existence
of a holomorphic function α ∈ O(D(%1)) such that the diagram

W1
f1 //

α
  

D(%1)

α||
C

commutes. Note that α has a representation as a power series

α(q) =
∞∑
n=0

anq
n for all q ∈ D(%1)

converging on D(%1). Therefore for all (z, q) ∈ V we have

ι∗1(α)(z, q) = α ◦ ι1(z, q) = α ◦ f1 ◦ ι1(z, q) = α(q) =
∞∑
n=0

anq
n.

Vice versa every sequence (an)n∈N with corresponding radius of con-
vergence grater than %1 defines a holmorphic function on D(%1) and
hence on W1. For β ∈ O(W2) corollary 4.9 yields a sequence (bn)n∈Z≥0

in O(D(1, %2)) with

β(z, q) =
∞∑
n=0

bn(z)qn for all (z, q) ∈ W2.

Note that for every z0 ∈ D(1, %2) the series β(z0, q) has radius of con-
vergence %−1

0 . Hence for every (z, q) ∈ V we have

ι∗2(β)(z, q) = β ◦ ι2(z, q) = β(z, q−1) =
∞∑
n=0

bn(z)(q−1)n.

Vice versa let (bn)n∈Z≥0
be a sequence in O(D(1, %2)) such that for every

z0 ∈ D(1, %2) the series
∞∑
n=0

bn(z0)qn

has radius of convergence grater than %−1
o . Then

∞∑
n=0

bn(z0)(q−1)n

defines an element in ι∗2(O(W2)). In conclusion every element in (ι∗1 −
ι∗2)(O(W1)⊕O(W2)) is of the form

∞∑
n=0

anq
n −

∞∑
n=0

bn(z)(q−1)n,(6)
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with (an)n and (bn)n as above. Now define

φk(z, q) := zkq for k ∈ Z6=0.

Then φk is of the form 5 for all k ∈ Z6=0. Moreover no linear combina-
tion ∑

k 6=0

λkφk(z, q),

over C is of the form 6. In other words the family (φk)k is linearly
independent in the quotient

O(V1)

(ι∗1 − ι∗2)(O(W1)⊕O(W2))
.

�
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