
ERRORSYMMETRY AND CALABI-YAU

FAMILIES OVER THE THRICE
-

PUNCTUREDSPHERE

· MIRROR SYMMETRY

· X,S Xp PROJECTIVE ALGEB .

I b CALABI-YAU

Pet MANEFOLD WHEN

PA90, 1 ,33

&: WHAT DOTHESE Have to DO WITH

ONE ANOTHER?

ANS : SEMENAL WORK OF GREENE-PLESSER
-

& CANDELAS-DELAOSSA-GREEN-PARKES



-

· QUINTIC HYPERSURFACE CIPY

· GENERIC QUENTIC HAS h" = 1

COMING FROM HYPERPLANE CLASS

· EXPECTATION FROM MERROR SYMMETRY

IS THAT THERE EXISTS ANOTHER

MIRROR CALABI-AU THREEFOLD

WITH h2l = 1
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GREENE-PLESSER : STARTING FROM
-

GEPNER MODELS IN CFT PROPOSED

A CONSTRUCTION OF THE MIRROR

4
S

E Xi = 0 / QUOTEENT B ACTION
i=0

of ((/52)32
FERMAT

QUENTIC RESOLVE SENGS

THAT GENES ONE CY3-FOLD WITH
-

THE CORRECT HODOE NUMBERS .

THE OTHERS ARISE BY DOENG THE SAME

CONSTRUCTION IN AFAMILY
-

M
xi +50 xi =0/IB a
i = 0 i=0

RESOLVE



· CONSTRUCTED InTHIS WAY A FAMILY

Of SMOOTH ,
PROJECTIVE CALABI-YAU

3-FOLDS OVER -50 ,
1
,03

-DELS-DELAOSSA-GEEN-PARKES :

· STUDIED INFEGRALS Of 201310) OVER

ENTECH 3-CYCIES ON THE CY3-FOLDS

IN THIS FAMILY

· PERIODS SATISFY GENERALIZED

MY PERGEOMETRIC ODE ANNIMILATING

4 Fz(5 ,3 , 5 .Yi 1 , 1 . 1(z)
FOR ZEL' BASE OF FAMILY

· THREE REGULAR SINGULAR POINTS

& 1 X

MAX UNIPOTENT CONFFOLD QUASI-UNEPOTENT
MONODROMY MONODROMY MONODROMY



MONTSFECH'SHMS :

· AUTOMORPHISMS OF D (QUINTIC)
con

CORRESPOND TO INTEGRAL MONODROMIES

ABOUT 0. 110 IN MIRROR QUENTIC

FAMILY

· SHOULD APRLY TO ANY CY3-FOLD

WITH h" =

· SIMPLEST MIRRORS SHOUD BE

FAMILIES OF CALABE-YAU 3-FOLDS

with h2 = 1 OVER I'v0, 1 ,03

& 1 X

MAX UNIPOTENT CONFFOLD QUASI-UNEPOTENT
MONODROMY MONODROMY MONODROMY

· MERROR SYMMETRY OFTEN TAKES

HARD PROBLEM > EASY PROBLEM



D-MARGAN :
-

· WHAT ABOUT MIRRORENG THE HARD

PROBLEM OF FINDING ALL CALABI-YAU

3-FOLDS WITH H = 1 ?

· MIRROR PROBLEM : FIND ALL

CALABI-YAU 3-FOLDS WITH U2 = 1

· SIMPLEST NONTRIVAL CASE WOULD

HAVE BASED'Y91 ,33

· To BE COMPATIBLE WITH KONTSELICH

PREDICTION SHOULD LOOK FOR

& UHS OVER D150 , 1 ,03 WITH

& 1 X

MAX UNIPOTENT CONFFOLD QUASI-UNEPOTENT
MONODROMY MONODROMY MONODROMY

· IS THIS EVEN A FINITE PROBLEMI
:



· DELIGUE : FINITENESS OF I-WHS &
-

EQUILLENCE WITH CLASSIFICATION

Of INTEGAL SYMPLECTIC MaVODRAMY

REPRESENTATIONS

O : ,
(D1 - 30 , 1 ,03 ,

z) -> Sp(4 ,2)

· D-MORGAN : CLASSIFICATION OF
-

WEIGHT 3 HODGETYPE (1 , 1 . 1 , 1)

-HS OVER 11 S01. ] WITH

& 1 X

MAX UNIPOTENT CONFFOLD QUASI-UNEPOTENT
MONODROMY MONODROMY MONODROMY

# 112 POSSIBLE -NHS UP TO

CONJUGATION EQUINLENCE

23 OF THESE ARE "MIRROR

COMPATIBLE" IN A STRONG SENSE

14 R-UHS





· QUESTION REMAINS OF GEOMETRIC
-

REALIZATION OF EECH I-UHS
-

BY AN ACTUAL FAMILY OF PROJECTIVE

ALOEBRAIC CALABI-YAU 3-FOLDS

WITH h2l = 1

· FOR 13 Of THE 14 IR-US
,
THES

WAS EASY , AS EXISTING TORIC

HYPERSURFACE OR CI CONSTRUCTIONS

& BATYREU-BOISOV MIRROR SYMMETRY

GAVE THE FAMILY

· "14t CASE "WAS MUCH MONE SUBTLE
-

4F (2 ·E. zi 1 ,
1
, 1(z)



· NOT DIFFICULT TO SEE THAT THERE

ES A 3-PARAMETER FAMILY OF

n21 = 3 CALABI-AU 3-FOLDS AS THE

MIRROR OF [2 , 127 CICY IN

IND (1 1 1 , 2 , 8 , 12)

WHOSE GKE-HYPERGEOMETRIC PERIOD

FUNCTIONS RESTRICT TO THE DESIRED

4 (tz.zFi l . 1 .1/2) ALONG

A I-PARAMETER SUBFAMILY

O BUT : EVERYWHERE ALONG THIS
-

1- PARAMETER SUBFAMILY THE

MIRROR CICY BECOME SINGULAR

· TO THIS DAY : NO KNOWN SMOOTH

FAMILY OF PROJECTIVE ALGEBRATE

CYSFOLDS THAT REALEZE -UHS



CLENGHER-D . - LEWIS-NOVOSELTSEV-THOMPSON :

· EVEN AFTER CREPANT PARTEAL

DESENGULARIZATION , GENERIC CY3

En EMILY HAS A PAIR Of

Q-FACTORIAL NODAL SINGULARITIES

⑧ NOT EVEN BIRATIONAL TO SMOOTH

CY3 REALEING THE E UHS DIRECTLY

· SHOW GEOMETRICALLY REALIZE

Z-UHS ,
AS 3rd WEIGHT GRADED

PEECE OF MIXED HODGE STRUCTURE

ON H ADMITS A DUREI-UHS of

WT. 3 & HODGETYPE (1 , 1 , 1 , 1) THAT

REALERS THE 14Th CASE I-UHS .

· CONSTRUCTION PROVIDES A

COUNTEREXAMPLE TO A CONTECTURE

OF MORRISON ON MIRROR OF DEGEN'S



&; WHAT GEOMETRICALLY DO ALL Of
-

THE "MERROR" CY3-FOLDS HAVE IN

COMMON
NOT

A : THEY ARE MERRORS OF
---

SATISFYING

BETTER ANSWER COMES FROM OBSERVING

INTERNAL STRUCTURE OF THESE GISFOLDS
-

· D
.

-HARTER-NOVOSELTSEV-THOMPSON

THEY ARE FIBERED BY HIGH PICARD

RANK (18OR19) 13 SURFACES

· D. -MALMENDEER

THEY ARE FIBERED (POSSIBLY IN

MULTIPLE WAYS) BY -POLARIZED
3 SURFACES = MIRRACS TO
-

(2n)-POLARIZED 13

SURFACES



· D
.

-HARTER-NOVOSELTSEV-THOMPSON

THEY ARE FIBERED BY HIGH PICARD

RANK (18OR19) 13 SURFACES

· METHOD : SEARCH FOR TORICALLY
-

INDUCED FIBRATIONS ON CY3-FOLD

HYPERSURFACES OR CI'S &

RECOGNIZE FIBERS AS K3 SURFACE

HYPERSURFACES OR CI'S IN OTHER

TORIC VARIETIES

· MOTIVATED A PROGRAM (SUCCESSFUL ! )

TO COMPLETELY CLASSEFY &CONSTRUCT

ALL CY3-FOLDS THAT ARE FIBERED

BY MN-POLARIEED 13 SURFACES



· D. -MALMENDEER

THEY ARE FIBERED (POSSIBLY IN

MULTIPLE WAYS) BY MN-POLARIZED
-

3 SURFACES = MIRRACS TO
-

(2n)-POLARIZED 13

SURFACES

· METHOD : ITERATIVELY CONSTRUCT
-

FAMILIES Of CYN-FOLDS FROM

FAMILIES OF CY (N-11-FOLDS

· STARTING POINT : CY
O-FOLDS

= PAER Of POINTS

= SOLUTION to ye = 1-t
[iy]

WITH PERIOD

Fo(z(t)



· For (i , j ,C) SuCH THAT1 <
2
,

1Ej22 ,
and deet] We

CONSTRUCT TWISTED FAMILIES :

j= (1 - (E(+112
: (x+ 1)]

OF GENUS ONE CURVES

MEPTI
MoreAs

FOR Y(n) ,
n = 1

,
2
, 3 ,4 .



· AT THE NEXT STEP WE TWIST UP AGAIN

YIELDING WEIERSTRASS ELLIPTIC

FIBERED LATTICE-POLARIZED K3

SURFACES WITH GENERIC PICARD

LATTICE OF TYPE

Mni= HOEgEgo(zn) , n
= 1 ,2, 3, Y

· AGAEN THE FAMILY OF 13

SURFACES IS FIBERED OVER THE

THRICE PUNCTURED SPHERE



· OneE More And We GET ALL 60
-
-

SYMPLECTICALLY RIGED IL-UHS
-

CLASSEFTED BY BOONER-REFTER,

INCLUDING THE 14 R-UHS OF

HYPERGEOMETRIC TYPE

· EXPLICIT WEIERSTRASS ELLIPTEC

Mr-POLAREZED 13 SURFACE-FIBERED

CALABIAO3-FOLDS

· AGAIN ARE FAMILIES OVERTHE

THRICE-PUNCTURED SPHERE I
8

& NO NEED TO STOP THERE ... IN FACT

GET INFFNITE CY TOWERS OVER

THE THRICE PUNCTURED SPHERE



MOST FAMOUS SOURCE OF CY Mirror

MANTFOLDS IN ALL DEVNS :

DECREE (n+11 HYPERSECES

In ph ! Xn - 1

MIRROR TO XU-1 IS FIBERED

BY MIRNOR TO X n-2 !

COMMENT : THE ACTUAL PROOF
-

OF CONSTR Of PEREDS OVER

I CYCLES IN CROGP HAS

A HIDDEN REALDE.
OF "QUARTE

MERROR FIBRATION ON QUENTI
MEFROR"


