
"The Grotherdieck
gp of rings and scheres"
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where (m-n) : =
& (m) - & (n) well defined

Q : Dos gp completion always exist ?

Yes ! Every abdian monvid has a gp completion
.

Recipe: M abelian monoid.

: alian
gp on Symbols [m] , mEMF(M) fre

R(M) : susg gen . by relations Tm+n] - [m] -[n].
- L

Qaim : F(M) (R(M) = MM.

If M + N is a monoid map
- 1

Than M
-> N+ NN

-

I.. simiquely by
universality

- 1

MM extends

~ gp completion = fuctor from abelian monoids to

abelian gop.

It is the left adjoint to the frgetful fructor
as : Homab

.
mon .
(M . Al = Howasgpe (M"M , Al

Pop: M as . monoid. Then :

(1) Every element of M'M is of the form [mJ-[n]
for some m.nEM.

(2) [m] = [n] E) m + p = n + p fr some peM
- 1

(3) M M is the set theoretic at of MXM

by the eg . Relation (m ,n/v (mep , n + p)



Pf: (1) Every elt ofany fee ab, gp car be written
&

as a difference of sums of generatie
and mod RIM) we have [m] + (mz)...

=[me +Me +... ]
~

(2) Supposs [m] - [n] = 0 in vi

in F(M) : [m3 - [n] = (E [ai + Si] - [ai] -[bi] (
-

15[cj +dj] = (j) - [dj] /

#> [m) + Epai+b) + [[c +di] = [n) + [Tai +bil + ER]+Edit

In a fee as
. gp

two sure of gen . Zi , Sez Si
are equal iff I = J and

y: = Noci) fr some

permutation8

=> m + =(ai +bi) + E( +dj) = n + Elai +bi) + Ekj +di)
#

Empe : G finite gp.
Repe(f) = [ finite dim . Lep . 1 : GeOn(

up to isol
is an abelian monoid under⑦

By Muschke's thm , LO is servisimple and

gp algebla

Repc (8) = N ,
where r is the number of

conjugacy classes of elements of 8

~>(gp completion of Repa (61) = Evas ab. gps



Reur : Let M be semiring (missing additive inverses (
-

Then M-M (w/ respect to + 1 is a ring.

& ko of a ring :

& a ring , PCRI = iso classes of fin . geu.

projective R-modules together wh and id o

PCRI is an abelian monoid.

The Grothendieck gp of R denoted Ko(R) is the gp

completion of PCR) .

If R is comm. Ko (R) is a comm. ringwith
1
= [R] .

Because P(M) is a com . Serviring w/product G
(the axions are clear)

E.g ..
Let R be a field or a PID

= Over R, fin . You - projective R-modele
is feway => PLRIE IN

=> Ko (RIEZ

① Why do we restrict to fin . You . Proj modules
?

A: (Use Eilenberg-Swindle Trick) (fandulent scheme): ->

Letpo be ar infinitely geu . See module.

if PAQ =
R".



= porte Po(pop) (pop)o .....
= (0Q) (40Q10-- .

= Ra

=> [PT =
0 for evey fin gau.

proj - module.
=> KoCR1 = 0

#

Some useful reduction properties :

(1) 18 R = RexR2 = Ko(R/ = Ko(Re/xKolR)

(2)1f R = bu Rie KolRl = bi Ko (Ril
->

itI iEI

(3) 18 ICR is a hilpotent ideal

=> KoLRIE Ko(RII) .

(4) If R , S are two Morita equivalent rings,
i
.
e R-mod and S-mod are equivalent as abeliou

categories , then Ko (R) = Ko(S) .

e . g .:
R

= Mr(S) is Morita eg . to S.
-

One can check that

Mod (SI -> Mod (R(
X
+ sex

Su c-1
X

gives an eq . of categories.

* that Ko(S) = Ko(Mn(S)/



I ko of a scheme

Levisiting Ko (R) :

One can define the ko of any exact category.
( It's an additive category that car be embedded

in an abelian one
, and carries a notion

of exact sequences/

· Let C be exact

Ko(e) = ab
. gp . vo/generators [C]

and relations [C] = [B] + [D]

for every short exact sequence 0 - B + C+D +0 inC.

In fact ,
PCR) is exact (can be embedded in R-mod)

As every
shot exact sequence of proj . Module

Splits => Ko(PIRI1 = Ko(c)

Recall from your alg
. Gometry cruse :

If x = Spec R.

=> VB(X) (finite Loc
. Her Ox-modules

= P(R)
equir

Now let X be scheme
any

=> VB(X) is an exact category
(as a subcat. of the ab . Category of

Öx- modules)



The tensor product of v . b .
is a a biexact fructor

auc [2] [F] = [EQF)
comm - + assoc

=> Ko(X) is a comm. ring
sothat Ko is a fructor from schewes to comm.

rings .

Note that exact sequences of v . b . do not

always split.

=> VBLX) is not always a split category
.

.
More abstract perspective :
S

symmetric monoidal category (i . e.
it comes of a fructor D : Sxs + S +

a distinguished object e + 4 basic natural

"coherent" isoms : 21 SIS , SDe IS,

SD(tu) = (DH 17 e

-D + = + Ds . )
giso-iso classes of objects ins.

s
Sir is ar abeliae monoid wi pode

+ identity e

=> gp comp - of gis is the Grotherdre gp
of S and is denoted by KoBS .



Eg .. PCRI is Sym .
munoidal under

=> Ko(RI = Ko
*
PCR)

5 The Go group :

Rings) & notherian

MCRI = J . g ·
R-modules

Rnoet
=> MCR) is abeliou

Go(RT : =
K
.
MCR)

.

=> a natural
map

called the Carton hom.

Ko(R1 -> Go(R)

[P] > [P] (forget projectivity)
(Schemes) X noet - scheme .

M(X) coherent Ox-modules
Go(X) : = Ko M(x)

(18 X = Spec R = this agrees wI def above
Im: If X is a separated regular noet . Scheme

=> everycoh . Of-module has a finite
resolution by vector handles (Serre)

=> ko(x) = Go(x)

# : (Sketch) Use the so-called "Resolution them"

Barically , any cherent Ox-module Fifits inte



an exact sequence

0 - En + ... -> Ene90 + F +0

3 - Ei is a v . b /X

Go(x) - [F)= Ly" [i] eKo(X

so evey
elect in Go(X) comes from Ko(X/

&

Ak: Sometimes the Go-gp has better properties
than the ko-group

· For example ,
Go has pushforward fr proper mape

if f : X+ 4 is proper ,
I a well-defined

pushforward map

fo([F)1=: [PDF]
higher direct

images are
cherent .

However
,
the direct riage of a vector bundle

is not always a vector bundle

so we cannot defin to ([2] = [8a 3]


