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Peter Scholze awarded the Fields medal

Ulrich Görtz

Bonn, October 1, 2018
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Most important research prize in mathematics

John Charles Fields

Since 1936,
59 medals awarded.

Age limit: 40 years
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Goal of this talk
Some impression of the area, provide context for non-experts.

Urbano Monte’s map of the earth, 1587
David Rumsey Map Collection CC-BY-NC-SA 3.0



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Goal of this talk
Some impression of the area, provide context for non-experts.

Urbano Monte’s map of the earth, 1587
David Rumsey Map Collection CC-BY-NC-SA 3.0



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Goal of this talk
Some impression of the area, provide context for non-experts.

Urbano Monte’s map of the earth, 1587
David Rumsey Map Collection CC-BY-NC-SA 3.0



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Goal of this talk

p-adic fields,
e. g. Qp

mod p fields,
e. g. Fp((t))

Archimedean
fields, e. g. R, C

Algebraic number
fields, e. g. Q



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Solving equations
Important problem in mathematics:

Understand set of solutions of an equation.

Do solutions exist?
Are there only finitely many solutions? Can we count them?
Can we write them down explicitly?
If there are infinitely many solutions, does the set of
solutions have a (geometric) structure?
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Solving equations
Important problem in mathematics:

Understand set of solutions of an equation.

Do solutions exist?
Are there only finitely many solutions? Can we count them?
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Where are we looking for solutions?
Natural numbers N = {0, 1, 2, 3, . . . }.

Integers (add negative numbers)

Z = {. . . ,−3,−2,−1, 0, 1, 2, 3, . . . }

Rational numbers (add fractions 1
2
, 1
3
, 2
3
, …)

Q =
{a

b
; a, b ∈ Z, b ̸= 0

}

Real numbers (add all decimal numbers)

−1, −0.5, 0, 0.333 . . . , 1, 2, 3.14159265 . . . ∈ R
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Can we detect cases without solutions?

This is often a very hard problem, for instance:

Theorem (“Fermat’s Last Theorem”, A. Wiles)
Let n > 2 be an integer. Then the equation

xn + yn = zn

has no solutions with integers x, y, z ≥ 1.

For certain equations, however, it is easy to show that there are
no solutions in the integers.
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Understand set of solutions in real numbers
Trivially: If no solutions in R, then no solutions in Z.

Sometimes: Good understanding of solutions in real numbers
⇝ understand solutions in integers.

Over R, can use analytic methods (Differential calculus,
derivatives, …)

−2 −1.5 −1 −0.5 0.5 1

−20

−10

10
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Looking at the final digit …
We see that the equation

x4 + 17 = 4y2

has no solutions with integers x, y ∈ Z,

because the final digit can only be

left hand side x4 + 17:
2, 3, 7 or 8,

right hand side 4y2:
0, 4, or 6.

More powerful: Look at more final digits.

In other words: division with remainder by 10, 100, 1000, …, 10i.
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because the final digit can only be
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Looking at the final digit, refined version
Could also do division with remainder by other numbers
n = 2, 3, 4, . . . .
For instance consider the equation

x4 − 17 = 7y2

This is “solvable mod 10” (both sides can have final digit 3, for
instance).

But division with remainder by 7 gives remainder 1, 3, 4, or 5 on
the left, and 0 on the right.
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Division with remainder = n-adic final digit

Binary expression:

23 = 16 + 4 + 2 + 1 = 24 + 22 + 21 + 20 = 101112.

23 ≡ 1 mod 2,
23 ≡ 112 = 3 mod 4,
23 ≡ 1112 = 7 mod 16.

7-adic expression:

23 = 21 + 2 = 3 · 71 + 2 · 70 = 327.

23 ≡ 2 mod 7.
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Division with remainder = n-adic final digit
Binary expression:
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23 ≡ 112 = 3 mod 4,
23 ≡ 1112 = 7 mod 16.

7-adic expression:
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23 ≡ 2 mod 7.
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Analytic methods
Key point: passing to limit.
A sequence of real numbers “coming arbitrarily close to each
other” converges to a limit in R.
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Analytic methods
Key point: passing to limit.
A sequence of real numbers “coming arbitrarily close to each
other” converges to a limit in R.

…not interesting in Z,
…does not work in Q: We can approximate

√
2 by rational

numbers, but it is not rational itself.
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Analytic methods
Key point: passing to limit.
A sequence of real numbers “coming arbitrarily close to each
other” converges to a limit in R.

Two real numbers are close to each other if the differences lie
far to the right of the decimal point:
123.12345 is much closer to 123.12346 than to 123.22345
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Analytic methods
Key point: passing to limit.
A sequence of real numbers “coming arbitrarily close to each
other” converges to a limit in R.

Two real numbers are close to each other if the differences lie
far to the right of the decimal point:
123.12345 is much closer to 123.12346 than to 123.22345

A limit always exists because, naively speaking, we allow
infinitely many digits to the right of the decimal point.



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Setting up an analogy
“Solving” an equation so that the final 5 digits match is more
difficult than having only the final digits match.

Having more digits match is a “better approximation” of the
solution from this point of view.

Example (Lind-Reichardt equation: x4 − 17 = 2y2)
x = 5, y = 8: 608 versus 128
x = 85, y = 548: 52 200 608 versus 600 608

10-adic numbers Z10:
Allow infinitely many digits, extending to the left.
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Computing with 10-adic numbers
Z10 = {. . . a2a1a0; ai ∈ {0, 1, . . . , 9}}.

All natural numbers are 10-adic numbers.

We can add and
multiply 10-adic numbers.
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Computing with 10-adic numbers
Z10 = {. . . a2a1a0; ai ∈ {0, 1, . . . , 9}}.

All natural numbers are 10-adic numbers. We can add and
multiply 10-adic numbers.



.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

.
.
.

.

Computing with 10-adic numbers
Z10 = {. . . a2a1a0; ai ∈ {0, 1, . . . , 9}}.

All natural numbers are 10-adic numbers. We can add and
multiply 10-adic numbers.

Surprising things may happen:

. . . 999 + 1 = 0, hence . . . 999 = −1.
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Computing with 10-adic numbers
Z10 = {. . . a2a1a0; ai ∈ {0, 1, . . . , 9}}.

All natural numbers are 10-adic numbers. We can add and
multiply 10-adic numbers.

Properties
all integers are 10-adic numbers,
Z10 has operations +, −, ·.
Even some fractions are 10-adic: . . . 6667 · 3 = 1.
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Variant: p-adic numbers
Although we can compute in the set Z10 of 10-adic numbers, it
has some less nice features:

. . . 8212890625 · . . . 1787109376 = 0.

Better: p-adic numbers Zp for a prime number p.
That means: use p-adic expression, and allow it to extend
infinitely to the left.

Z2 = {. . . a2a1a0; ai ∈ {0, 1}}
Z7 = {. . . a2a1a0; ai ∈ {0, 1, . . . , 6}}
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Geometry of the p-adic numbers
Absolute value on Zp

|x|p =
1

pn
,

where n is the number of zeros at the end of p-adic expression
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Geometry of the p-adic numbers
Absolute value on Zp

|x|p =
1

pn
,

where n is the number of zeros at the end of p-adic expression

Example
|48|2 = |1100002|2 = 1/24 = 1/16,
|23|7 = |327|7 = 1.
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Geometry of the p-adic numbers
Absolute value on Zp

|x|p =
1

pn
,

where n is the number of zeros at the end of p-adic expression

We regard x close to y, if |x− y| small.

Some unusual features:
Every triangle is isosceles.
Any two circles are disjoint or concentric.
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The field of p-adic numbers
The field Qp: Enlarge Zp by allowing finitely many digits after
decimal point.

Example (p = 2)
0.12 = 1/2, 0.012 = 1/4, . . . 111.12 = −1/2.

Qp a field: have +, −, ·, /.
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The field of p-adic numbers
The field Qp: Enlarge Zp by allowing finitely many digits after
decimal point.

Example (p = 2)
0.12 = 1/2, 0.012 = 1/4,

. . . 111.12 = −1/2.

Qp a field: have +, −, ·, /.
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The field of p-adic numbers
The field Qp: Enlarge Zp by allowing finitely many digits after
decimal point.

Example (p = 2)
0.12 = 1/2, 0.012 = 1/4, . . . 111.12 = −1/2.

Qp a field: have +, −, ·, /.
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The field of p-adic numbers
The field Qp: Enlarge Zp by allowing finitely many digits after
decimal point.

Example (p = 2)
0.12 = 1/2, 0.012 = 1/4, . . . 111.12 = −1/2.

Qp a field: have +, −, ·, /.

Zp =

{
∞∑
i=0

aip
i; ai ∈ {0, 1, . . . , p− 1}

}
,

Qp =

{
∞∑

i=i0

aip
i; i0 ∈ Z, ai ∈ {0, 1, . . . , p− 1}

}
.
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p-adic geometry
Tate (around 1962): Rigid analytic spaces
…
Huber (around 1990): Adic spaces
⇝ reasonable notion of p-adic manifold/space.

Peter Scholze has revolutionized the field
of p-adic geometry.

M. Rapoport, Laudatio for P. Scholze, ICM 2018
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p-adic geometry
Tate (around 1962): Rigid analytic spaces
…
Huber (around 1990): Adic spaces
⇝ reasonable notion of p-adic manifold/space.

Peter Scholze has revolutionized the field
of p-adic geometry.

M. Rapoport, Laudatio for P. Scholze, ICM 2018
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p-adic and complex geometry are similar
Theorem (Scholze)
Let C/Qp be complete and algebraically closed. Let X be a
smooth proper rigid analytic space over C. For all i ≥ 0, we have

i∑
j=0

dimC H i−j(X,Ωj
X) = dimC H i

dR(X/C) = dimQp H
i
et(X,Qp)
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The local-global principle
Theorem (Hasse-Minkowski)
Let n ≥ 1 and let ai ∈ Q, 1 ≤ i ≤ n. Then the equation

a1x
2
1 + a2x

2
2 + · · ·+ anx

2
n = 1

has a solution xi ∈ Q, if and only if it has a solution in R and in
every field Qp.

Example (Hasse-Minkowski for n = 1)
ax2 = 1 solvable in Q⇔ a is a square ̸= 0⇔ a > 0 and every
prime p occurs with even exponent in factorization of a
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When solutions exist …
…can we write them down?

Linear: 2x− 6 = 0, x =
6

2
= 3.

ax− b = 0, a ̸= 0, x =
b

a
∈ Q.

Quadratic:

ax2 + bx+ c = 0, a ̸= 0,

x =
−b+

√
b2 − 4ac

2a
or x =

−b−
√
b2 − 4ac

2a
∈ R.
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Formulas for degrees 3, 4
(del Ferro, Tartaglia, Cardano, Ferrari ≈ 1500)

Galois: No formula for higher degree! (≈ 1830)

Even worse: For example, the zeros of the polynomial
x5 + 5x4 − 20x3 − 40x2 + 5x+ 1

cannot be expressed in terms of +, −, ·, / and n
√
−.
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Formulas for degrees 3, 4
(del Ferro, Tartaglia, Cardano, Ferrari ≈ 1500)

Galois: No formula for higher degree! (≈ 1830)

Even worse: For example, the zeros of the polynomial
x5 + 5x4 − 20x3 − 40x2 + 5x+ 1

cannot be expressed in terms of +, −, ·, / and n
√
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Formulas for degrees 3, 4
(del Ferro, Tartaglia, Cardano, Ferrari ≈ 1500)

Galois: No formula for higher degree! (≈ 1830)

Even worse: For example, the zeros of the polynomial
x5 + 5x4 − 20x3 − 40x2 + 5x+ 1

cannot be expressed in terms of +, −, ·, / and n
√
−.

−8 −6 −4 −2 2 4

1,000

2,000
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Formulas for degrees 3, 4
(del Ferro, Tartaglia, Cardano, Ferrari ≈ 1500)

Galois: No formula for higher degree! (≈ 1830)

Even worse: For example, the zeros of the polynomial
x5 + 5x4 − 20x3 − 40x2 + 5x+ 1

cannot be expressed in terms of +, −, ·, / and n
√
−.

−2 −1.5 −1 −0.5 0.5 1

−20

−10

10
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Why no formula?
…understand symmetries of set of solutions

Distinguish geometric objects by their “symmetry group”
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Why no formula?
…understand symmetries of set of solutions

Distinguish geometric objects by their “symmetry group”
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Why no formula?
…understand symmetries of set of solutions

Distinguish geometric objects by their “symmetry group”
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Why no formula?
…understand symmetries of set of solutions

Distinguish geometric objects by their “symmetry group”
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Galois groups
Distinguish kind of solution of polynomial by their symmetry
group

Definition (informal)
The Galois group of a polynomial is the group of permutations of
the zeros of the polynomial that are compatible with +, −, ·.

Definition
Let f be a polynomial with coefficients in a field K. Let L be the
smallest field containing K and all zeros of f (in some
algebraically closed extension field).
The Galois group of f is the group of field automorphisms
L→ L which fix all elements of K.
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Galois groups
Distinguish kind of solution of polynomial by their symmetry
group

Definition (informal)
The Galois group of a polynomial is the group of permutations of
the zeros of the polynomial that are compatible with +, −, ·.

Definition
Let f be a polynomial with coefficients in a field K. Let L be the
smallest field containing K and all zeros of f (in some
algebraically closed extension field).
The Galois group of f is the group of field automorphisms
L→ L which fix all elements of K.
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Solvability in terms of Galois groups
Theorem
If f is a polynomial over Q whose solutions can be expressed in
terms of +, −, ·, / and n

√
− starting from rational numbers, then

the Galois group of f is solvable.

Example
The Galois group of the polynomial

x5 + 5x4 − 20x3 − 40x2 + 5x+ 1

is the symmetric group S5 which is not solvable.
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Can we understand Galois groups?
Definition (Absolute Galois group)
Let K be a field, and let K be a separable closure of K. We call
GK = Gal(K/K) the absolute Galois group of K.

Example (K = Q)
GQ is highly mysterious.
Understanding it properly is one of the principal goals of number
theory.

Example (K = Qp)
GQp is somewhat easier to understand, but still complicated.
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The absolute Galois group of a finite field
Definition (Finite field with p elements)
Let p be a prime number. We let

Fp := {0, 1, . . . , p− 1}

with addition and multiplication “modulo p”.

In particular: 1 + · · ·+ 1︸ ︷︷ ︸
p summands

= 0 in Fp. (“Characteristic p”)

Remark
Let K be a field of characteristic p. Then

(x+ y)p = xp + yp for all x, y ∈ K.
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The absolute Galois group of a finite field
Definition (Finite field with p elements)
Let p be a prime number. We let

Fp := {0, 1, . . . , p− 1}

with addition and multiplication “modulo p”.

In particular: 1 + · · ·+ 1︸ ︷︷ ︸
p summands

= 0 in Fp. (“Characteristic p”)

Remark
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(x+ y)p = xp + yp for all x, y ∈ K.
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Remark
Let K be a field of characteristic p. Then

(x+ y)p = xp + yp for all x, y ∈ K.

In other words: The map x 7→ xp is a field homomorphism, the
Frobenius homomorphism.

Consequence
The absolute Galois group GFp is isomorphic to Ẑ, the profinite
completion of Z. It is topologically generated by the Frobenius
automorphism.
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Remark
Let K be a field of characteristic p. Then

(x+ y)p = xp + yp for all x, y ∈ K.

In other words: The map x 7→ xp is a field homomorphism, the
Frobenius homomorphism.

Consequence
The absolute Galois group GFp is isomorphic to Ẑ, the profinite
completion of Z. It is topologically generated by the Frobenius
automorphism.
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How far apart are characteristic 0 and p?
Compare

Qp =

{
∞∑

i=i0

aip
i; i0 ∈ Z, ai ∈ {0, 1, . . . , p− 1}

}
.

versus

Fp((t)) =

{
∞∑

i=i0

ait
i; i0 ∈ Z, ai ∈ {0, 1, . . . , p− 1}

}
.

These descriptions look similar, but addition is very different!
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Perfectoid fields and tilting
Definition (Scholze)
A perfectoid field is a field K, complete with respect to a
non-discrete non-archimedean valuation, with residue
characteristic p > 0 with ring of integers OK = {x ∈ K; |x| ≤ 1},
such that the map

OK/p→ OK/p, x 7→ xp,

is surjective.

Example
Qp(p

1/p∞)∧, Qp(µp∞)∧, Fp((t))(t
1/p∞)∧.
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Tilting: Switch from char. 0 to positive
characteristic
Every perfectoid field K has a tilt K♭.

K♭ = Frac( lim←−
x7→xp

OK/p).

The tilt K♭ has characteristic p: 1 + · · ·+ 1 = 0 in K♭.

Theorem (Fontaine, Wintenberger)

GK
∼= GK♭ .
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Perfectoid spaces
Definition (Scholze)
Let K be a perfectoid field. A perfectoid space over K is an adic
space which is locally isomorphic to an affinoid adic space, i.e.,
an adic space of the form Spa(R,R+) where R is a perfectoid
K-algebra.

Tilting for perfectoid spaces
Every perfectoid space X has a tilt X♭, and both have “the same
étale covers”:

Theorem (Scholze)

π1(X) ∼= π1(X
♭)
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Perfectoid spaces
Definition (Scholze)
Let K be a perfectoid field. A perfectoid space over K is an adic
space which is locally isomorphic to an affinoid adic space, i.e.,
an adic space of the form Spa(R,R+) where R is a perfectoid
K-algebra.

Tilting for perfectoid spaces
Every perfectoid space X has a tilt X♭, and both have “the same
étale covers”:

Theorem (Scholze)

π1(X) ∼= π1(X
♭)
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The Langlands program

Theorem (Quadratic Reciprocity Law, Gauß)
Let p ̸= q be prime numbers > 2, p ≡ 1 mod 4. The equation

x2 ≡ q mod p has a solution

if and only if the equation

x2 ≡ p mod q has a solution.

Example (p = 5, q = 67)
The equation x2 ≡ 67 ≡ 2 mod 5 has no solution.
Hence x2 ≡ 5 mod 67 has no solution.
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The Langlands program
Theorem (Quadratic Reciprocity Law, Gauß)
Let p ̸= q be prime numbers > 2, p ≡ 1 mod 4. The equation

x2 ≡ q mod p has a solution

if and only if the equation

x2 ≡ p mod q has a solution.

Example (p = 5, q = 67)
The equation x2 ≡ 67 ≡ 2 mod 5 has no solution.
Hence x2 ≡ 5 mod 67 has no solution.
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Class field theory
Describe the maximal abelian quotients Gab

Q and Gab
Qp
.

La théorie du corps de classes a une réputation de diffi-
culté qui est en partie justifiée. Mais il faut faire une dis-
tinction: il n’est peut-être pas en effet dans la science de
théorie où tout à la fois les démonstrations soient aussi
ardues, et les résultats d’une aussi parfaite simplicité et
d’une aussi grande puissance.

J. Herbrand, 1936
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Particular instance: Modularity
Elliptic curve

y2 = x3 + x2 − x

Modular form

f : H→ C
holom., “highly symmetric”

Theorem (Wiles, …)
Every elliptic curve E over Q is modular.
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Particular instance: Modularity
Elliptic curve

y2 = x3 + x2 − x

Modular form

f : H→ C
holom., “highly symmetric”

Theorem (Wiles, …)
Every elliptic curve E over Q is modular.
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Particular instance: Modularity
Elliptic curve

Numbers of solutions mod p,
p a prime number:

#{(x, y); 0 ≤ x, y ≤ p− 1,

y2 ≡ x3 + x2 − x mod p}

⇝ L-function L(E/Q, s)

Modular form

f : H→ C
holom., “highly symmetric”

Theorem (Wiles, …)
Every elliptic curve E over Q is modular.
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Particular instance: Modularity
Elliptic curve

Numbers of solutions mod p,
p a prime number:

#{(x, y); 0 ≤ x, y ≤ p− 1,

y2 ≡ x3 + x2 − x mod p}

⇝ L-function L(E/Q, s)

Modular form

Fourier expansion,
q = exp(2πiz)

q−2q3−q5+2q7+q9+2q13+· · ·

⇝ L-function L(f, s)

Theorem (Wiles, …)
Every elliptic curve E over Q is modular.
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Corollary
The L-function L(E/Q, s) has a holomorphic continuation to C.

Theorem (Allen, Calegari, Caraiani, Gee, Helm, Le
Hung, Newton, Scholze, Taylor, Thorne)
Let E be an elliptic curve over a CM field K. Then the
L-function of E over K has a meromorphic continuation to C.
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Corollary
The L-function L(E/Q, s) has a holomorphic continuation to C.

Theorem (Allen, Calegari, Caraiani, Gee, Helm, Le
Hung, Newton, Scholze, Taylor, Thorne)
Let E be an elliptic curve over a CM field K. Then the
L-function of E over K has a meromorphic continuation to C.
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Other direction: automorphic→ Galois
Theorem (Scholze)
Let F be totally real or CM, let G = ResF/Q(GLn), and let XK be
the locally symmetric space attached to G and a compact open
subgroup K ⊂ G(Af ). For every system of Hecke eigenvalues
occurring in the cohomology H i(XK ,Fp), there exists a
continuous Galois representation

ρ : Gal(F/F )→ GLn(Fp)

such that Hecke eigenvalues and Frobenius eigenvalues match.
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Goal of this talk

p-adic fields,
e. g. Qp

mod p fields,
e. g. Fp((t))

Archimedean
fields, e. g. R, C

Algebraic number
fields, e. g. Q
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What is this good for?
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Why are we doing this?
Fascinating to

understand problems that have been studied for more than
2000 years,
gain conceptual understanding of surprising patterns,
teach the subject to others.
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What is this good for?
(Polynomial) equations are everywhere:

Elliptic curve cryptography
Theoretical physics
Computer science
Biochemistry
…
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What is this good for?
(Polynomial) equations are everywhere:

Elliptic curve cryptography
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Biochemistry
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Congratulations, Peter!
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Congratulations, Peter!


