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Problem 16

Let A be a ring, f P A,M an A-module. Consider the inductive system
of A-modules (with index set Zě0)

M Ñ M Ñ M Ñ . . .

where all transition maps are given by multiplication by f . Show that
there exists a natural isomorphism between the colimit colimiM and
the localization Mf of the A-module M with respect to the element f .

Problem 17

(1) Let ψ : A Ñ B be an injective ring homomorphism between re-
duced rings. Show that every minimal prime ideal of A is in the
image of aψ : SpecB Ñ SpecA. Give an example where aψ is not
surjective.

(2) Let φ : A Ñ B be a ring homomorphism, and consider the as-
sociated map f : SpecB Ñ SpecA. Assume that f is bijective
and that f reflects specialization, i.e., for x, x1 P SpecB we have
fpx1q P tfpxqu if and only if x1 P txu. Show that f is a homeomor-
phism.

Hint. In (2), we need to show that f is closed. Let b Ă B be a
radical ideal. Apply (1) to the ring homomorphism A{φ´1pbq Ñ B{b
induced by φ and then use that f reflects specialization to show that
fpV pbqq “ V pφ´1pbqq.
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Problem 18 Let X be a topological space, and M an abelian group.
We define the constant presheaf Mpre to be the presheaf with

Mpre
pUq “ M

for any open U Ă X.

(1) Assume now that X is irreducible. Show that Mpre is a sheaf.

(2) Assume still that X is irreducible. Let F be a sheaf of abelian
groups on X. We say that F is locally constant if there exists an
open covering X “

Ť

iPI Ui and abelian groups Mi, i P I such that

F|Ui
– Mi

pre
|Ui
, @i P I.

Show that any locally constant sheaf on an irreducible topological
space is constant.
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